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ALGEBRA. 



CHAPTER I. 

FUNDAMENTAL PROCESSES OF ALGEBRA. 

SECTION L 
IMinitioM mod Notatkm. 

1. Algebra^ according to the usual definition, u 
that branch of mathematics in which the quantities 
considered are represented by the letters of* the 
alphabet, and the operations to be performed upon 
them are indicated by signs. In this sense it would 
embrace almost the whole science of mathematics, 
elementary geometry alone being excepted. It is, 
consequently, subject in common use to some limita- 
tions, which will be more easily understood, when 
we are advanced in the science. 

2. The sign -\- is called plus or morej or the pos9r 
live sigUj and placed between two quantities denotes 
that they are to be added together. 

Thus 3 -|- 5 is 3 plus or mare 5, and denotes the sum of 
3 and 5. Likewise a-^-b is the sum of a and 6, or of the 
quantities which a and h represent 
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Signs of AdditioOy Subtraction, Maltiplication, and Division. 

3. The sign — is called minus or less,, or the 
negative sign, and placed between two quantities 
denotes that the quantity which follows it is to be 
subtracted from the one which precedes it. 

Thus 7 — 2 is 7 minus or less 2 and denotes the remain- 
der after subtracting 2 from 7. Likewise a — 6 is the 
remainder afler subtracting 6 from a. 

4. The sign X is called the sign of multiplication, 
and placed between two quantities denotes that they 
are to be multiplied together. A point is often used 
instead of this sign, or, when the quantities to be 
multiplied together are represented by letters, the 
sign may be altogether omitted. 

Thus 3 X 5 X 7, or 3.5.7 is the ccmtinued product of 
3, 5, and 7. Likewise 12 x a x 6, or 12. a . 6, or 12 ah, 
is the continued product of 12, a, and 5. 

5. The factor of a product is sometimes called 
its coefficient, and the numerical factor is called the 
numerical coefficient When no coefficient is \vrit- 
ten, the coefficient may be considered to be unity. 

Thus, in the expression 15 a b, 15 is the numerical co- 
efficient of ab; and, in the expression xi/, 1 may be re- 
garded as the coefficient of x y, 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the power of the quan- 
tity; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient. Power. Root 



<Hiice with the exponent to the right of the quantity, 
«nd a little above it. When no exponent is written* 
the expionetat l»ay be considered to be unity. 

Thus the fifth power oiai& written a*; bttt whea a stands 
by itself, it nay be regarded as a>, 

7. l^he rdot of a quantity is the quantity which, 
multiplied a certain number of times by itself, pro- 
duces the giveft quantity ; and the index of the tool 
18 the number of times which the root is contained 
as a fiu^tor in the given quantity. 

The sign V^ is called the radicdl sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, (he index of the root being placed to the 
left of the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without any 
index, is regarded as indicating the secoiid or sqiuire 
root 

Thus, v^a or ^a is the square root of a, 

a 

^a is the third or cube root of a, 

l/a is the fourth root of a, 

v/a is the nth root of a. 

8. The signs -r and : are called the signs of di- 
vision, and either of them placed between two quan- 
tities denotes that the quantity which precedes it is 
to be divided by the one which follows it. The 
process of division is also indicated by placing the 
dividend over the divisor with a line between them. 

Thus, a -*- 6, or a : 6, or ^ denotes the quotient of « di- 

h 
▼ided by 6. 
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Signs of Equality and Inequality. Algeliraic Quantity. 

9. The sign = is called eqtial to, and placed be* 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
occurs is called an equation. . 

Thus, the equation a^b denotes that a is equal lo 6. 

10. The sign > is called greater than^ and the sign 
< is called less than ; and the expression in which 
either of these signs occurs is called an inequoKty. 

Thus, the inequality a^b denotes that a is greater than 
b ; and the inequality a^b denotes that a is less than b ; 
the greater quantity being always placed at the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters 
are not separated by the signs -|~ ^^^ — t is called a 
tnonamial, or a quantity composed of a single term, 
or simply a term. 

Thus, Sa^y — 10 o^ z are monomials. 

13. An algebraic expression composed of several 
terms, connected together by the signs -{- and — ^ 
is called a polynomial^ one of two terms is called a 
binomial^ one of three a trinomial^ &c. 

Thus, a^ -^^bis h binomial, 

c 4* z — y is a trinomial, d&c. 

14. The value of a polynomial is evidently not 
affected by changing the order of its terms. 

Thus, a — b — C'\~d is the same as a — c — b-^d^a 
O'-^'d — b — c, or — b-^-d-^a-^c, &c. 
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Degree, Dimension, Vinculum, Bar, Pventbesia, Similar Tenne. 

15. Each literal factor of a term is called a dimen^ 
nofif and the degree of a term is the number of its 
dimensions. 

The degree of a term is^ therefore, found by taking 
the eufn of the exponents of its literal f(ictors. 

Thos, 7 as 18 of one dimension, or of the first degree; 
5 o^ 6 c is of four dimensions^ or of the fourth degree, &c. 

16. A polynomial is homogeneous, when all its 
terms are of the same degree. 

Thus, 3a — 26-{-i; is homogeneous of the first degree, 
8 o^ 6 — 16 a* 6' 4* ^^ is homogeneous of the fourth degree. 

17. A mneulv/m or bar , placed over a 

quantity, or a parenthesis ( ) enclosing it, is used to 

■ 

express that all the terms of the quantity are to be 
considered together. 

Thus, (a-j-^-f-c) x^is the product of a -f- & -|- ^ bj d^ 
y/^ +y', or y/ (2^ +y*) is the square root of i* -}"y** 

The bar is sometimes placed vertically. 

Thus, a z + oo^ «« — 3 c x» 

— 2h 
4-3c 

is the same as 

(fl_26-f3c)a+(5a2+3^2rf)2«-f (— 3c-f4d— !)«•. 

18. Similar terms are those in which the literal 
factors are identical. 

Thus, lab and — 3 a 6 are similar terms, 
and — 5a*b^ and Sa^b^ are similar ; 

but 2 a!* b^ and 2 a^ b* are not similar. | 

1- ' 



--3 


«»— 3 c 


+ Ad 


— 2d 


— 1 



ALGEBRA. [OH. U f I. 



Rednction of Poljnomialt. 



19. The tenns of a poljrnomial which ave preceded 
by the sign + are called the positive twins, and thoM 
which are preceded by the sign — are called the 
n^aiive terms. 

When the first term ia not preceded by apy sign U 
is to be regarded as positive. 

20. The following rule for reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Find the mm of the similar positive terms by Q4dr 
ing their ceeffieientSj and in the same way the s%un 
of the similar negative terms. The difference of 
these sums preceded by the sign of the greater, may 
be substituted as a single term for the terms from 
which it is obtained. 

When these sums are equal they cancel each other^ 
and the corresponding terms are to be omitted. 

Thus, a9 6 — 9a6« + 8a964-5c — 3a9 6-|-8a6a+^ 
2<i^&-|-c-f-a6*— 8c is the same VLsS(fib—2e. 



21. EXAMPLES. 

1. Redace the polyuomial I0a*-j-3a*-f-5a* — «* — 
$ a^ to its simplest form. Ans. 13 o^. 

2. Reduce the polynomial Sct^b-^-S y/ ab'^ c — 7 ah-\» 
17a6 + 2^a6«c— 6a*6 — 8v/a62c — 10a64-9a*6 
to its simplest form. Ans. Sa*b — Sx/ah^e. 

3. Reduce the polynomial 3 a — 2 a — 7/-|- 3/-f-2 a 
4- 4/ — 3 a to its simplest form. Ans. 0. 
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Addition. 



SECTION n. 

Addition. 

22. Addition consists in finding the quantity 
equivalent to the aggregate or sum of aeveral differ- 
ent quantities. 

33. Problem. To find the sum of any gtven 
quantities. 

Solution. The following solution requires no de- 
monstration. 

The quantities to be added are to be written after 
each other with the proper sign between them,^ and 
the polynomial thus obtained can be reduced to its 
simplest form by art. 20. 

24. EXAMPLES. 

1. Find the sum of a and a. ^ its. 2 a. 

2. Find the sura of 1 1 x and 9 z. Am, '20 r. 

3. Find the sum of 1 1 jc and — 9 a;. Ans.2 x, 

4. Find the sum of — 1 1 x and 9 x. Am. — 2x. 
6. Find the sum of — 11 x.and — 9 a;. Ans. — 20 1 

6. Find the sum of a and — 6. Ans, a — 6. 

7. Find the sum of —6/. 9/, 13/, and —8/. A as. Hf. 

8. Find the sum of — 12 6, — 4 6 and 13 h. Arts. —S b. 

9. Find the sum of y/^ -^ ax — a b, a b — v^^ "{- ^ y* 
aX'\-xy — 4fl6, s/x -^ \/x — ^ and a;y-|-zy4-/2x. 

Ans. 2 v^jT 4"^^^ — i^nb'\-Axy — x. 
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SobtnctioB. 



10. FindtheBomof 7jc« — Cv^r+Si'z + a— 5^ 

— x« 3 — -v/T —8—^ 

— x«+ vT— 32»z— 1+7^ 
— 2 x« + 3 \/^ + 3 X* 2 — 1 — ^ 

iliu. 4x«+3v'r 4-2 + 6^. 



SECTION m. 

Sabtnetioa. 

26. Subtrctctian consists in finding the difference 
between two quantities. 

26. Problem. To subtract one quantity from 
another. 

Solution. Let A denote the aggregate of all the positive 
terms of the quantity to be subtracted, and B the aggregate 
of all its negatiTe terras; then A — B is the quantity to be 
subtracted, and let C denote the quantity from which it is 
to be taken. 

If il alone be taken from C, the remainder C— i4 is as 
much too small as the quantity subtracted is too large, that 
is, as much as A is larger than A — B, The required re- 
mainder is, consequently, obtained by increasing C — A by 
the excess of A above A — B\ that is, by B, and it is thus 
found to be C— A^B. 

The same result would be obtained by adding to C the 
quantity A — jB, with its signs reversed, so as to make it 
— A-^-B. Hence, 

To subtract one q^iantity fi^om another^ change the 
signs of the quantity to be subtracted from + lo — , 



■■ 
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Multiplication of Monomiala. 



and from — to +, and add it with its signs thus r^ 
versed to the quantity from which it is to be taken. 

27. EXAMPLES. 

1. From a take 6 -|- c. Ans, a — 6 — - «• 

2. From a take — 6. Ans. a 4- &• 

3. From 5 a take — 5 a. Ans 10 a. 

4. From 7 a take 12 a. iini. — 5 a. 

5. From — 19 a take — 20 a. Ans. a. 
0. From 12 take — 7. Ans. 19. 

7. From — 2 take 5. Ans. — 7. 

8. From — 11 take —20. Ans. 9. 

9. From3a— 176— 106 + 13a— 2a 

take 6 6 — 8 a — 5 — 2 a-|-3 d-f 9 a — 5 A. 

Ans. 15a — 326 — 3</-|-5A. 

10. Redace 32 a -f 3 6 — (5 a -4- 17 6) to its simplest 
form. Ans, 27 a — 14 6. 

11. Redace a + 6— (2a — 36)— (5a + 7 6) — 
( — 13 a 4- 2 6) to its simplest form. Ans. 7 a — 56. 

SECTION IV. 

Multiplicatioii. 

28. Problem. To find the continued product of 
several monomials. 

Solution. The required product is indicated by writing 
the given monomials ailer each other with the sign of multi- 
plication between them, and thus a monomial is formed, 
which is the continued product of all the factors of the given 
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Moltiplicittoo of PoljBomials. 

nMnomialn. But, as the order of the ftctore may be ebange^ 
at pieaavre. the num^rioal factora maj all h^ ^m^ 19 w? 

product. 

« 

Hence the coefficient of the product of given mono* 
tnials is the product of their coefficients. 

The different powers of the same letter may also he 
brought together, and since, by art. 6, each exponent 4e« 
notes the namber of times which the letter occurs as a fedor 
in thft Qorxesponding terfp. the number pf times which it 
occurs as a factor in the product must be eq^al to tha sum 
of the exponent^. 

Henee every letter which is contained in a$^ of 
the given factors tnu^t be written in the product , with 
an exponent equal to the sum of all its exponents in 
the difffrent factors. 



29. SXAMPUS. 

1. Multiply ahhy cde. Arts, ahcde. 

2. Find the continued product of 9 a 6, 2 c ^, and tfg. 

Ans, 6ahcdefg, 

3. Multiply a"* by a*. Ans. «*+». 

4. Find the continued prodocjt of 5 d^, a'', 7 a^, and 3 a*. 

Ans. 105 flS^ 
6. Multiply 7 a^ b^ by 10 a b^ c« d. Ans. 70 a^ 6^ ^2 d. 

6. Find the continued product of 5 a^ b^, a* b^, and 
4ab^c. Ans. 20 tfi 6" c. 

7. Find the continued product of «"• bP c', a** b^ c*, and 
<**+« b. Ans. a^ "*+2 n ^+r+l cj+« 

30. Problem. To find the product of two poly* 
nomials. 
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Muitiplicalion of Polynomial!. 



Solution. Denote the aggregate of all the positive terms 
of one factor by A and of the other by JB, and those of their 
negative terms respectively by C and D ; and, then, the fac- 
tors are A — C and B — D, 

Now if ^ — C is multiplied by B it is taken as many 
times too often as there are units in I> ; so that the required 
product must be the product of A — C by B, diminished 
by the product of -4 — C by D ; th^t is, 

(A — C){B — D)=z{A — C)B — {A — C)D. 

Again, by similar reasoning, the product of il •— C? by H, 
that is, of J3 by ^ — C, must be 

{A — C)B = AB — BC, 

and that of (^1 — C) by D must be 

(A'--C)D = AD — CD; 

and, therefore, the required product is, by art. 26, 

{A — C){B — D)=:AB — BC--AD + CD. 

The positive terms of this product, AB and CD, are ob- 
tained from the product of the positive terms A and B, or 
from that of the negative terms — C and — D ; but the 
negative terms of the product, as — BC and -^AD, are 
obtained from the product of the negative t^rm of one factor 
by the positive term of the other, as — C by B or — Dby A, 
Hence, 

The product of two polynomials is obtained by 
multiplying each term of one factor by each term of 
the other, as in art. 28, and the product of two terms 
whieh have the same sign is to be affected with the 
sign +, while the product of two terms which Iiave 
contrary signs is to be affected by the sign — . 

The result is to be reduced as in art. 20. 
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3t. EXAMPLES. 

I. Multiply x* + y' ^7 *+y» 

S. Multiply x*4''y*~l~'^^'^7^''l'^^'* 

3. Multiply — a by 6. Ans.^^a b. 

4. Multiply a by -—6. iins. — ah. 

5. Multiply — a by — 6. iiii#. a 6. 
e. Multiply —3 a by 14 e. kiis. — 42 a c 

7. Multiply — 6ii9 A» by — 11 aftSe. Ans. Wa^ Ifi c. 

8. Find the continued product of — a, — a, — a, and 
— fl. Ans. a*. 

9. Find the continued product of — a' 6, c^e, — a, — ^ x*, 
c, — 2 o I, — 3 a 6 ^ z, — 7, and 6* a^. 

i4«5. 42o*^c3«»a:^ 

10. Find the continued product of 7a6z, — ax, — 2, 
StjT^ —2 6, — 3. and — 5 a'' h^ ir*. 

Ans. —210 €fi f x^K 

II. Multiply a -[. 6 by e + <f. 

12. Multiply a» + 6« — c by fl9 — 6». 

13. Multiply a+6 + cbyfl-|-6 — c. 

14. Multiply «•— 3jt— 7bya: —2. 

Ans. x* — 6x* — « + 14. 

16. Multiply a« 4- «^ + o* by o«— 1. Ans. «»— a«. 

16. Multiply 8 a» 63 + 36 a« 6< + 64 fl^ 6« + 27 a« M 
by 8 flfl 63 — 36a86* -f 54 fl7 6» — 27/i« 6«. 

>ln5.64«>8 6«— 432 iii«68 + 0720" 6^0 — 729 flW6»^ 
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Product of Sum and Difference j of Homogeneous Quantities. 



17. Find the continued product of 3 z -f- 2 y, 2 x — dy, 
— z-l-y^and — 2x« y. 

Ans. 12i*— 16z3y— I3i«y«+llzy«+6y*. 

18. Multiply a + 6 by a — b. Ans. o* — 6*. 

19. Multiply2fl8a:+7ii«z*by2a3z— 7a«»». 

i4ii5. 4 a«z« — 49 «*«»<>. 

32. Corollary. The continued product of several 
monomials is, as in examples 8 and 9, positive, when 
the number of negative factors is even ; and it is 
negative, as in example 10, when the number of 
negative factors is odd. 

33. Corollary. The product of the sum of two 
numbers by their difference is, as iii examples 18 and 
19, equal to the difference of their squares. 

34. Theorem. The product of homogeneous 
polynomials is also homogeneous, and the degree of 
the product is equal to the sum of the degrees of the 
factors. 

Demonstration. For the number of factors in each term 
of the product is equal to the sum of the numbers of factors 
in all the terms from which it is obtained ; and, therefore, 
by art. 15, the degree of each term of the product is equal 
to the sum of the degrees of the factors. Thus, in example 
16, the degree of each factor is 12, and that of the product 
is 12 + 12 or 24. 
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SECTION V. 

DiTition 

36t Piroblem. To divide one mononUal by an' 
other. 

Solution. Since the dividend is the product of the diviaor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all the factors of the divisor which are ex- 
plicitly contained in the dividend, and simply indicating the 
division with regard to the remaining factors of the divisor. 
Hence, from art. 28, 

Suppress the greatest common factor of the nur 
pierical coefficients. 

Suppress each letter of the divisor or dividend in 
the term in which it has the least exponent^ and re- 
tain it in the other term, giving it an exponent 
equal to the difference of its exponents in the two 
terms. But when a letter occurs in only one term^ 
it is to be retained in that term, with its exponent 
unchanged. 

The required quotient ts, then, equal to the quo^ 
tient of the remaining portion of the dividend divided 
by that of the divisor, and may be indicated as in 
art. 8 ; or, when the divisor is reduced to unity, the 
quotient is simply equal to the remaining portion of 
the dividend. 

The sign of the quotient must, from art. 30, be the same 
as that of the divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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When the divisor and dividend are both affected bff 
the same sign, the quotient is positive ; but when 
they ar^ c^eeted by contrary signs^ the quotiefU is 
negative. 

The rule for the signs in both division and multiplication 
loaj be e^reued still more concisely as follows. 

Like signs give + ; unlike signs give — . 



36. EXAMPLES. 



il«5.H* = 13 6 



1. Divide 65 a 6 by 6 «. 

2. Divide — 132 a* 68 c by 1 1 o^ W Ans. —I2{fic 

3. Dividel44a68c»cP«by — 112o6^cc7A. 



Ans» — 



9cd^ 



Ihffih 



27 
Ans. — 

a 

1 



Ans, 



a^bic^. Ans. 



4. Divide — 135 by —6 a. 

6. Divide 7 o^ z« by 21 o^ «». 

6. Divide rf* by a*. 

7. Divide— 3 a« 6* by 

8. Divide a by — a, 

9. Divide — a by a. 
10. Divide — a by — a. 

37. Corollary. If the rule for the exponents is applied 
to the case in which the exponent of a letter in the dividend 
18 equal to its exponent in the divisor, when, for instance, 
ig» is to be divided by a'^, the exponent of the letter in Uie 



3a9 

Ans, a*~* 

3a~'"''fe*~« 

4?^ 

Ans. — 1 

Ans. — 1 

Ans. 1 
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EipoDent equal to Zero. NegatiTe E^pooenta. 

quotient becomes zero. But the quotient of a quantity di- 
vided by itself is unity. 

Whence any quaniity with an exponent equal te 
zero is unity. 
Thus, «"-+-rt»=a*=l. 

38. Corollary. When, in example 6 of art. 90, the ex- 
ponent n of a in the divisor is greater than its exponent m 
in the dividend, the exponent m — n in the quotient is nega- 
tive ; and a negative exponent is thus substituted for the 
usual fractional form of the quotient 

Thus, if m is zero, we have 

a* 
In the same way we should have 

Any quotient of monomials may thus be expressed 
by means of negative exponents without using frac- 
tional forms. 



39. EXAMPLES. 

1. Divide 5 a* ^ c« rf by ISab^c^dPe^. 

2. Divide 6 a^ 6 by 9 a 6'^. 

3. Divide I by 8 a" b. 

iliM. |a-" 6-J = 8-* «-" b-K 

4. Divide 3 by a. Am. 3 a"*. 

40. Corollary. Quantities, thus expresscid by 
means of fractional exponents, may be used in all 
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calculationsi and may be added, subtracted, multi- 
plied, or divided by the rules already given, the 
signs being carefully attended to. 



41. EXABfPLES. 

1. Findthe8uroof7a-»+9o"»6-i'— 6a6-«c«,— 3a-» 
5i,«6-P-|-lla6-ac«, a'^'—Ufit^b-P. 

Ans. 5 a"^ -|- 5 o 6"*' c*. 

2. Reduce the polynomial 9 a"^ b"^ e* — Tfta—s-j- 
(18a-3 6— 5<i"A* + c---3.2«) — (3fl"6*— a-»6-«c« 
-|-3 c* — 5 . 2^) to its simplest form. 

i4ii5. 10a-36-«c^ + U«-36— 8rf»6*— 2c»+2.2». 

3. Multiply a""* by a*. iliM. a~"*+* = a*"*. 

4. Multiply rf* by a"~*. Ans, rf»""*, 
6. Multiply a"* by a""». Ans, a~*""» = a""^'*+*>. 

6. Find the continued product of 11 a~*, — 2 «"*, 4 «•, 
and — 9 tf''. i4n5. 792 a«. 

7. Find the continued product of 2 a"^, 7 a~*, and 

— 3d«. iiw.— 42 a-« = -.-?. 

8. Find the continued product of 5a3 6"^, lOa'6^ c, and 

— 3 a*. Ans 150 «" 6 c. 

9. Multiply — 13 a"! bc'^ by —4 a-^3 6-« c^. 

10. Divide fl~* by a*. i4ii5. a"*~» = «- <"«+»\ 

11. Divide a* by ""•. Ans. a"» + *. 

12. Divide fl~"» by a""*. iliM. «""•+* = a»-"». 

13. Divide Ua'^bt^ d'^ehy2ab-^ (fidh. 

ilit5. 7a-»Mc-«rf-«eA-i 

14. Divide— 3fl*by2fl*+"6c->. 

Ans. — f a~*A"'"«, 
2« 
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42. Problem. To divide one poh/nomial by anr 
other. 

Solution, The term of the dividend, which contains the 
highest power of any letter, must be the product of the term 
of the divisor which contains the highest power of the same 
letter, mulUplied by the term of the quotient which contains 
the highest power of the same letter. 

A term of the quotient is consequently obtained by 
dividing, as in art. 35, the term of the dividend 
which contains the highest power of ^ny letter by 
that term of the divisor which contains the highest 
power of the same letter. 

But the dividend is the sum of the products of the divisor 
by all the terms of the quotient ; and, therefore, 

If the product of the divisor by the term just found 
is subtracted from the dividend, the remainder must 
be equal to the sum of the products of the divisor by 
the remaining terms of the quotient, and may be 
used as a new dividend to obtain another term of the 
quotient 

By pursuing this process until the dividend is 
efitirely exhausted, all the terms of the quotient may 
be obtained. 

It facilitates the application of this method to ar^ 
rafige the term^ of the dividend and divisor according 
to the powers of some letter, the term which contains 
the highest power being placed first, that which con* 
tains the next to the highest power being placed nes^ 
and so on. 
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43. EXAMPLES. 

. L Divide— 16a3z3-j-a«-{-642;0bj4x94-a>—44ix. 

Solution. In the following solution the dividend and di- 
visor are arranged accoi'diDg to the powers of the letter m ; 
the divisor is placed at the right of the dividend with the 
quotient below it. 

Aft each term of the quotient is obtained, its product by 
the divisor is placed below the dividend or remainder from 
whi^h it is obtained, and is subtracted from this dividend 
or remainder. 

64a;*— 16 a3*3+a« 4 jfi — 4 a g -j- g» = Divisor. 

64 a x^ — 16 a^it^ — 16 a^ £34-0^= Ui Remainder. 
64 a X* — 64 a« 2^ + 1 6 «3 x« 

48 flS X* — 32 a3 x3 + a« = 2d Remainder. 
48a«x< — 48a3x3-f Wa^iS 

16 0^x3 — 12 a^ x^ -f «<' = 3d Remainder. 
16a3x3--16a*x«-}-4a*x 

4a^s3 — 4a'x4*^^== ^^^ Remainder. 
4d^z^ — 4(fix^efi 



0. 

Ans. 10 2:4-[-16ax3^12o2x2 + 4a3x-f-«^ 

2. Divide bc^ — c^x by c3. Ans b — x. 

3. Dividea» + 2a6 + 6«by a + 6. Ans.a + b. 

4. Divide — a® ^^ + 15 a" 6» — 48 a" 6« — 20 a" 67 by 
10a^69— a«6. Ans, a^b^—5a^b*—2(^h^. 

6. Dividel — 18 29-1-81 z^ by l-|-6x-f-9x« 

Ans. 1 — 6« + 0A 

6. Divide 81 a« -f 16 61^—72 o^ 6^ by 9 a^-j- 12a^ 6> 
+ 4 b». Ans. 9 c*— 12 a« i^+4 &«. 
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7. Divide x«"— 3 x**y»»+ 3 x**y<*— y«* by «>• — 

Ans. «*»-j-3x^y* + 32f»y**-f"J^- 

8. Divide — l + a3ii« by — l+aii. 

Ah8. 1-^-0% + (fin*. 

9. Divide 2 o^ — 13 ifib + Zla^ A» — 38 a ^ + 24 6« 
by2aa— 3a6 + 4 6S. iinj. a>— 5a6 + 6^. 

10. Divide flS — 69 by a — 6. An8.a + b. 

11. Dividend- 6S by a— 6. Ans. tfi + a b -^^ i^. 

12. Divide a4 _ 64 by a _ 6. 

13. Divide ifi — b^hya — b. 

iliM. «* + 1|3 6 + a«6«+aft3 + 64. 

44. Corollary. The quotient can be obtained vnth 
equal facility by using the terms which contain the 
lowest powers of a letter instead of those which con^ 
tain the highest powers. 

In this case, it is more convenient to place the term 
containing the lowest power first, and that containing 
the next lowest next, and so on. 

This order of terms is called an arrangement ae- 
cording to the ascending powers of the letter; whereas 
that of the preceding article is called an arrangefnent 
aocording to the descending powers of the letter. 

46. Corollary. Negative powers are considered to 
be lower than positive powers, or than the power 
zerOy and the larger the absolute value of the expo- 
nent the lower the power. 

Tbus fl5 1-8 — a^ 2-3 + a3 4- a-i X + a-« ««, 

M arranged according to the ascending powers of x, and 
according to the descending powers of a. 
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46. EXAMPLES. 

1. Dirideo^ + o^ — a""' — a""* by a* — a"*. 

Ans. a'+l + a"'. 

2. Divide 4a*6-«+12a»6-* + 9a«6-<—6-«+2a-« 

— a-<6«by2a«6-8 + 3a6-« — 6-1 + a-*6. 

i|jw.2a«6-s + 3o6-« + 6-i — a-«6. 

47. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. This is done> when one of the factors is 
known, by dividing by the known factor, and the 
quotient is the other factor. 

And when a letter occurs as a factor of all the 
terms of a quantity, it is a factor of the quantity, and 
may be taken out as a factor, with an exponent equal 
to the lowest exponent which it has in any term, and 
indeed by means of negative exponents any mono- 
mial may be taken out as a factor of a quantity. 

48. EXAMPLES. 

1. Take out 2a*b as a factor of .15 o^ 6^ -f 6 o^ 6 -|- 
9a3 6s + 3a96. Ans.Sa^biSa^b+^a+Sb + l), 

•2. Take out c^ as a factor of 3 a« + 1 + 2 d«. 

Ans, a*" (3 a 4 2). 

3. Take out 2(;fib^c as a factor o£ 6 (^ b'' c\-]-6ab^e 

— 2a6 + 2 — a«c. 

iliw. 2a3 65c(3a3 6«c + 3a-9 63— a-«6-*c-i + 

a-36-6c-i— 2-ia-i6-«. 

4. Take out 6 as a factor of a*~i b — 6*. 
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Difference of two Powen divisible bj Difference of their Rooti. 

49. Theorem. The difference of two integral pos- 
itive powers of the same degree is divisible by the 
difference of their roots. 

Thus, a* — 6* is divisible by a — 6. 

Demonstration, Divide a* — b* by a — i, as in tirt. 43» 
proceeding only to the first remainder, as foUowa. 



a» i» 


\a — b 


a* — a* — * 6 


^m-l 



1st Remainder = a*-* 6 — 6* = b (a*** — 6*-i). 

NoW| if the factor a^"^ — b^"^ ot this remainder b^ 
visible by a — b, the remainder itself is divisiUe by et— ^A, 
and therefore a* ~ b* is also divisible by a •— ^ 6 ; that is^ if 
the proposition is true for any power, as the (n -^ l)st, it 
also holds for the nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 43, the propo- 
sition holds for the 2d, 3d, 4th, and 5th; and therefore it 
must be true for the 6th, 7th, 8th, &c. powers ; that is, fdr 
any positive integral power. 

50. Corollary. The division of «** — b^ by a — b may be 
continued for the purpose of showing the form of the quotient, 
rt» — 6« 
!<• — a* ~ ^ 6 



a — b 



an-i^an-9 6+(<»-3 ^8^ &c +a 6"-«+6»-i 






an -2^2 Jn 

an-2^2 — a»-3 55 

&c. . . 



a2 6n-2_5n 

a2 5n-2 — a 6*"* 



a6*-i — 6« 
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that is, 

a — o 

IBO that each term of the quotient is obtained from xht pre- 
ceding term by diminishing the exponent of a by unity and 
increasing that of h by unity ; and the number of terms is 
equal to the exponent n. 

51. Corollary, If b is piut equal to a in the preceding 
quotient, each of its terms becomes equal to a*~', which 
gives the peculiar result 

a" — a* ^ - 
= «rf»-* 

a — to 

52. There axe sometimes two or more terms in 
die divisor, or in the dividend, or in both, which 
contain the same highest poWer of the letter accord- 
ing to which the terms are arranged. 

In this case, these terms are to he united in one 
by taking out their common factor ; and the comr 
pound terms thus formed are to be used as simple 
ones. It is more convenient to arrange the term^ 
which contain the sa^ne power of the letter in a 
column under each other , the vertical bar being used 
as in art 17; and to arrange the term,sin thever^ 
tical columns according to the powers of some letter 
common to them. 



53. EXAMPLES. 

1. Divide n^ x^ — I^ x^ — 4abz^"^2 a^x-{-2ab» ^ 
a^^^l^ by ax — 6z — a — b. 
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(fi z3— 4a6 

— 68 


+2a* — 6« 


a 

— h 


— 6 




— fca -.2a6 
— 6» 


a 

+* 


x«+a 
— 6 


X — a 

+* 


a3 
l8tRem.-^2a6 

— 2a6 


•f2aA 
+ 6» 


X + fll 

— 6« 


1 
1 

9 ' 

i 
1 




3d Remainder 


+2a6 

— «# 
+ 2a& 

— 6« 


* + « 
— » 





3d Remainder 0. 

In this quotient, the coefficient a -|- 6 of z^, the coefficient 
a — 6 of X and the term — a -}- 6 are successively obtained 
by dividing the coefficient o^ — 6^ of x^ in the dividend, the 
coefficient cfi — 2 <r 6 -f- 6^ of x^ in the first remainder, and 
the coefficient — a^ -|- 2 a 6 — 6^ of x in the second re- 
mainder, by the coefficient a — 6 of x in the divisor. 

Ans, (a + A)x«4-(a— 6)x — (a — 6). 

2. Divide(66 — 10)a< — (7 69 — 236 + 20)a3 — (36» 

— 22 69 + 316 — 5)a« + (4 63 — 9 6» + 6 6 — 6)a + ** 

— 26 by (36 — 5)a+62— 26. 

i4n5. 2a3 — (36 — 4)a9 + (46 — l)a+l. 

3. Divide _ a«— (69— 2 c^) a< -f (6< — c^) aa+ (6« + 
26*c» + 69c<) by a9 — 6«— c9. 

Ans. — «4— (2 69— <«)a9— 6< — 69A 
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4. Dividfl ys «>— 3y4 


«<— y» 


«»+3y« 


:fl 


— 9 —9f/» 


H-iOy* 


-5*! 




+ 3y» 


+ 3ys 


— 9y* 




+ 9y 


— 10y« 


^Sy" 




- 2y 


+ 6y» 




by y x« — 3y se— y» 




+ 1 —3 +3y 




+ 2 




Ans. y»|*8_3y3|^. 




-y| 


+3y«| 
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CHAPTER n. 

FRACTIONS AMD PROPORTIONS. 

SECTION I. 
Rodaction of Fracftioiit. 

64. When a quotient is expressed by placing the 
dividend over the divisor with a line between them, 
it is called a fraction ; its dividend is called the 
numerator of the fraction, and its divisor the de- 
nominator of the fraction ; and the numerator and 
denominator of a fraction are called the terms of the 
fraction. 

When a quotient is expressed by the sign ( : ) it is 
called a ratio ; its dividend is called the antecedent of 
the ratio, and its divisor the consequent of the ratio ; 
and the antecedent and consequent of a ratio are 
called the terms of the ratio. 

56. Theorem. The value of a fraction^ or of a 
ratio, is not changed by multiplying or dividing 
both its terms by the sam^e quantity. 

Proof For dividing both these terms by a quantity is 
the same as sti'iking out a factor common to the two terms 
of a quotient, which, as is evident from art. 35, does not 
affect the value of the quotient Also multiplying both 
terms by a quantity is only the reverse of the preceding 
process, and cannot therefore change the value of the frac- 
tion or ratio. 

56. The terms of a fraction can often be simplified 
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by dividing them by a comnion factor or diraor. 
But when they have tio common divisor, the fraction 
is said to be in its lowest tertns. 

A fraction is, consequently, reduced to its lowest 
terms, by dividing its terms by their greatest com* 
mon factor or divisor, 

57. Problem. To find the greatest common dir 
visor of several monomials. 

Solution. It is equal to the product of the greatest 
common divisor of the coefficients, by those differetU 
literal factors which are common to all the mofip- 
miats, each literal factor being raised to the lowest 
power which it has in either of the monomdals. 

58. EXAMPLES. 

1. Find the greatest com moo divisor of 75 or^ 6^ c (^i x* 
and 50 a^ c^ cf * z». Ans. 25 a^ c rf** «*. 

121 ab^c^d^ x^ y^ 

2. Reduce the Iractioo ,o« ^ t* aj* o to its lowest 

3. Reduce the fraction r- — rr to its lowest terms. 

51 <i ^ ^« 

Ans, 



3 b*' 
69. Lemma, The greatest common divisor of two 

quantities is the same with the greatest common di- 
visor of the least of them, and of their remainder 
after division. 

Demonstration. Let the greatest of the two quantities be 
A, and the least B ; let the entire part of their quotient after 
division be Q, and the remainder R ; and let the greatest 
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Greatest Common Divisor. 

common divisor of A and B be D, and th^t of B and R be 
E. We are to prove that 

Now since R is the remainder of the division of il by B, 

we have 

R=:A—B.Q; 

and, consequently, D, which is a divisor of ^4 and JB, must 

divide R ; that is, Z> is a common divisor of B and R, and 

cannot therefore be greater than their greatest common 

divisor E. 

Again, we have 

A = R + B.Q, 

and, consequently, E, which is a divisor of B and R, must 
divide A ; that is, £ is a common divisor of A and B, and 
cannot therefore be greater than their greatest common 
divisor D. 

D and E, then, are two quantities such that neither is 
greater than the other ; and must therefore be equal. 

60. Problem. To find the greatest common divi-' 
sor of any two quantities. 

Solution. Divide the greater quantity by the less^ 
and the remainder, which is less than either of the 
given quantities J is, by the preceding article, divisible 
by the greatest common divisor. 

In the same way, from this remainder and the 
divisor a still smaller remainder can be found, which 
is divisible by the greatest com,mon divisor ; and, by 
continuing this process vnth each remainder and its 
corresponding divisor, quantities smaller and sm^aU" 
er are found, which are all divisible by the greatest 
com/mon divisor j until at length the comm>on divisor 
itself must be attained. 
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The greatest comnum divisor y when obtained^ is at 
once recognised from the fact, that the preceding di' 
visor is exactly divisible by it without any remainder. 

The quantity thus obtained, must be the greatest common 
divisor required ; for, from the preceding article, the great- 
est common divisor of each remainder and its divisor is -the 
same with that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor ; hence, it is the same 
with that of any divisor and its dividend, or with that of the 
given quantities. 

61. Corollary. When the remainders decrease to 
unity, the given quantities have no common divisor, 
and are said to be incommensurable or prime to each 
other. 



62. EXAMPLES. 

1. Find the greatest common divisor of 1825 and 1995 



Solution. 



35 
30 



1995 
1825 



1 825 



1825 
1700 



170, 1st Rem. 
10" 



170 
125 



125, 2d Rem. 

r~ 



125 
90 



45 
35 



10 
10 



45, 3d Rem. 
2" 
35, 4th Rem. 

r 

10, 5th Rem. 

3~ 

5, 6th Rem. 
2 

3» 



Ans. 5 
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This proceM may be written more neatly and conciselj 
Ibllowa. 

1 

10 

1 

2 

1 

3 

2 



1995 


1825 


1825 


1700 


170 


125 


125 


90 


45 


35 


35 


30 


10 


5 


10 


. 



2, Find the greatest eomnwn divisor of 13212 and 1851. 

Ans. 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans. 111. 

63. The above rule requires some modification in 
its application to polynomials. 

Thus it frequently happens in the saocessire divisions, 
that the term of the dividend, from which the term of the 
quotient is to be obtained, is not divisible by the corre- 
sponding term of the divisor. This, sometimes, arises from 
a monomial factor of the divisor which is prime to the 
dividend, and which may be suppressed. 

For, since the greatest common divisor of two quantities 
is only the product of their common factors, it is not affected 
by any factor of the one quantity which is prime to the 
other. 

Hence any monomial factor of either dividend or 
its divisor is to be suppressed which is prime to the 
other of these two quantities, and when there is such 
afartor it is readily obtained by inspection. 
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But if, after ibis t eduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
still not divisible by the first term of the divisor siroilarlj 
arran^d ; h follows from the preoediog reasoning that it 
caD' lead to no error to 

Multiply the dividend by some monomial faustor 
tohich taill render its first term divisible by the first 
term of the divisor^ and which is prime to the re- 
duced divisor. Such a factor can always be obtained 
by simple inspection. 

When the given quantities have any common mo* 
nomial factor it is easily obtained from inspection^ 
and it should be suppressed at first, and afterwards 
multiplied by the greatest common divisor of the re- 
maining polynomials. 

Since any quantity which is divisible by il is also divi»* 
ible by — 'il ; and any quantity which is divisible by -—it 
is also divisible by A ; 

All the signs of any divisor may be reversed at 
pleasure. 



64. EXAMPLES. 

1. Find the greatest common divisor of 6 o^ x^'^^la^x^ 
— 27a»and43:4 + 5a«a:9 + 21 (fix. 

Solution. These quantities have no common monomial 
factor ; but the monomial factor 3 a^ common to all the 
terms of the first of them, and the factor x common to all 
the terms of the second, being suppressed in columns 1 and 
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% give the first lines of the following form of the process, 
which is similar to that in art. 02. 



Col.t. 
4z'4-6a«z4-21i^ 
4g» + 14g»» — 18a» 
— 14ax> + 5a>x-fd9a' 
— 14z« + 5ax + 39a» 
— 14x«— 21gg 

26ax-f 3911^ 
2x4-3a 
2x-|-3a 



coLai 

—9 
— 7x 



Col. 1. 

Sx3^7ax*— 9a> 
14xS-f49ax9— 63a3 
14g8_5qgt_a9fltaa; 
54£ixB + 39a»x— 63a3 

18x*+13ax — 21a« 
ia6x«+91ax— 147a« 
126x«— 45ax— 351g» 
1360x4-204 a< 
Ans. 2 X -|- 3 a. 

Column 3, in this form, is the line of quotients. The Ist 
line of col. 1 is first divided by that of col. 2, and the re- 
mainder is the 3d line of col. 2 ; this remainder, simplified 
by the suppression of the factor a, is the 4th line of col. 2, 
and is used to divide the 1st line of col. 1. The 2d line of 
col. 1 is the Ist line multiplied by 7 in order to render its 
first term divisible by the first term of the new divisor ; tha 
remainder of the division id the 4th line of col. 1, which is 
simplified in the 5th line by the suppression of the factor 3 a. 
The 6th line of col. 1 is the 5th line, multiplied by 7 in 
order to render its first term divisible by the first term of the 
divisor already used ; for it is to be observed, that a divisor 
should continue to be used until a remainder is obtained in 
which the first term ceases to be divisible by the first term of 
the divisor, that is, until the exponent of its leading letter is 
smaller than that in the first term of the divisor. The re- 
mainder arising from the division of the 5th line of col. 1 by 
the 4th line of col. 2 is the 8th line of col. I, which,- re- 
duced by the suppression of the factor 68 a is the last line 
of col. 1. The remainder of the division of the 4th line of 
col. 2 and the last line of col. 1 is the 6th line of col. 2j 
which reduced by the suppression of the factor 13 x, is the 
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Greatest Common Divisor. 



7th line of col. 2, being the same with the last line of col. 1. 
The remainder of the last diviaion is therefore zero, and the 
last diyisor 2 x -|- 3 a is the greatest common divisor. 

2. Find the greatest common divisor of 21 o'dx^ — 
2la^b2^ — l68a''bx^ and 14 a»63ez«— 14a3&9cx'-|- 
28a*63cxa— 42a5 63cx_l40a«6»c. 

Solution, Since 1 c^h is a monomial factor of the two 
given quantities, suppress it, and they become 

3ax7 _3 a2 x« — 84a5 x3. 
S5*ez4_2a&9cx3+4a>6>c9r«-*6a36>cx**20a«6Sc. 

The greatest common divisor of these two qaantitieSi 
(bund as in the preceding example, is x — - 2 a, which, mul- 
tiplied by the common monomial factor 7 a* 6, gives 7 a' A 
(x — 2 a) for the required greatest common divisor. 

3. Find the greatest common divisor of x^ — <|9 and 
x^ — a^. Ans,% — a. 

4. Find the greatest common divisor of 50^ — 10a*6-|- 
1663 and 3a9 + 6a»6-|-6a69 + 363. Am. a-^-b. 

6. Find the greatest common divisor of x^-f-z^^^^^j.^ 
— 4 and a:^-}-2a:3 + 3x3 + 4x— 10. Ans. x— 1. 

6. Find the greatest common divisor of 7 a a^ -f- 21 a x^-|- 
I4ax and 39^-|-3x6-f3x«— 3x«. An$. x^-f-x. 

7. Find the greatest common divisor of 61 a^a^ — 24a^x 
and 3ax7_2fl9x«+3a3x3_2a^x^ i4R5.3ax^--2atx. 

8. Find the greatest common divisor of x3-|- z ^. 10 and 
X*— 16. iliis. X— 2. 

66. When there are several terms in the given 
polynomials^ which contain the same power of the 
Utter accorditig to which the terms are arranged^ 
these terms are to be united in one, as in art. 53, and 
the compo^ind term>s thus formed are to be treated as 
fnonomials. 



M 
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66. BXAMPLB8. 

1. Find the greatest comroon difiaor of 



«»|y*— 2jr< 

4-18 «• 
— 18« 

■nd «■ I y* — 3 «* 

+ 6« 

SnluHan. The factor («*-f-3x)y is a common factor 
of all the terms, and is therefore to be sappressed, in order 
to be maltiplied by the greatest common divisor of the re- 
maining polynomials. The polynomials thus become 



+27««| —18 a*' 



—12 x« I +12 «» 



y3 — 3«e 
+ 9i 



y*+2x» 
— 6« 



y« — 4xy + 4». 



X |y4-.2a;« 
— 3| +8x 
— 6 

and y* — 3 « 

+ 2 
The suppression of the factor (z ^- 3) y in the first of 

these polynomials reduces it to 

y^ — 2x y» — 3a;y + 2«, 

by which the second is to be divided, and the rest of the 

process is as follows : 

Col. I. 



y3— 32 

y3— 2* 
-f-2 



Col. 1. 
y2 — 42:y-f-4x 

y«— 3a?y + 2x 



— xy^ — xy -[-2ar 

-y" — y+2 

—If' — 2y 

y+2 
y+2 



y3 — 22: 


y«-3*. 
y»-2. 


y+2* 


— 2x 

±L 
+1 


+2 

y» 2x 

+1 


y+2» 

y-f-4* 
—2 




— « 

+ 1 


y— 2* 
4-2 

y+2 



1 

+2t 
— 1 



— y 
1 



^«*. (y + 2) (a^ + 3*)y = («3 + 3i:) (y^ +2y). 
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Greatest Common Divisor. 



The third line of col. 1 is the remainder of the division 
of the 1st line of col. 1 by the Ist line of col. 2 ; and this 
remainder, reduced by the suppression of the factor x is the 
4th line of col. 1. The 5th line of col. 2 is the remainder 
of the division of the Ist line of col.. 2 by the 4th line of 
col. 1 , and this remainder, reduced by the suppression of the 
factors — x+l is the last line of col. 2. The 4th line of 
ool. 1 is exactly divisible by the last line of col. 2, and there- 
fore the greatest common divisor is the product of (x^-f^^) 
ybyy+2. il»4- (x» + 3 x) (y^ + 2 y). 

2. Find the greatest common divisor of the polynomials 
aS-|-69 + c« + 2a6 + 2ac + 26c and fla_6» — c*— 
26 c. Ans, a -|- 6 -{• c 

3. Find the greatest common divisor of the polynomials 



««— 2*9 


rf»+A« 


— 2c« 


— 26»«« 




+ «* 



and a3+36a»-f 363 

— c« 



a+6» 



Ans.efi + 2ab + l^ — A 
4. Find the greatest common divisor of the polynomials 



X 

— 1 



y* — 3« y* — a® 
+ 3 +3x 

—2 



— X +«« 



and 



x8 
— 1 



y^— 3«a|y3+x3 






+ 3 I +2«» 

—2 

iliw. y(y — l)(x— 1), 

67. Problem. To reduce Jradions to a common 
denominator. 

Solution. Multiply both terms of each fraction 
by the product of all the other denominators. 
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Common DoBominator. 



For the value of each fraction is, from art. K, not 
ehanged hj this process ; and as each of the denominators 
thus obtained is the product of all the denominators, the 
fractions are all reduced to the same denominator. 

68. But fractions can be reduced to a common denomi- 
nator which is smaller than their continued product, when- 
ever their denominators have a commoo multiple less than 
this product For, by art. 65, 

Prfictians may be rhdvced to a common denomi^ 
naior, which is a com^non multiple of their denomi- 
natorB, by multiplying both their term^s by the quo- 
tientSf respectively obtained from the division of the 
common denominator by their denominators, 

69. Corollary, An entire quantity may, by the 
preceding article, be reduced to an equivalent frac- 
tional expression having any required. denominator, 
by regarding it as a fraction, the denominator of 
which is unity. 



70. EXAMPLES. 

1. Reduce — , — , — , to the common denominator 24. 

n o o 

9 10 20 
'^"*- 24' 24' 24' 

2. Reduce -s-r, ^r-^, 8 a, - — -j to the common denomi- 

c* a Z c* Ac ft 

nator 4c^d. 

4ii^b (Std 92ac^fl Sac 

'^"•'* 47^' 4^' ~T^fi ' Tc^d' 



CB. II. ^ 1.] RfiDUCTION OP PRACT10N8. 8T 

I - . . — 

Common Denominator. 

3. Redace r, 1, — .-.^ -3 -» to the cocnmoo 

(1 — a -^ or — tr 

denominator a^ — ^. 

71. Problem, To find the least common multiple 
of given quantities. 

SobUion, When the given quantities are dearnir 
posed into their simplest factors^ as is the case unth 
monomials, their least common multiple is readily 
obtained ; for it is obviously equal to the product of 
all the unlike factors, each factor being raised to a 
power equal to the highest power which it has in 
either of the given quantities. 

But the com/mon factors can always be obtained 
from, the process of finding the greatest common 
divisor. 



72. EXAMPLES. 

1. Find the least common multiple of 2 o^ 6^ c x, 3 a^ 
6c3aa, 6flca? = 2.3acar, 9 c^ «" = 3« c^ x^^ 24 a* = 
23 . 3 a®. Am. 23.39 . a«6«c^a?i« = 72a8 6«c''«»o 

2. Find the least common multiple of 16 a x, 40 b^ x, 
^u'lPa^, Ans. 400 a^ 6« ^r^. 

3. Find the least common multiple of a^, ap""^ «*"*, 
«*"3, X. Ans. «». 

4. Find the least common multiple of 6 (a -f" ^) ^» 
54(<i— &)3, (fl+ft)7, 81 (fl— A)3x«+3, 8(a4-6)5«-— «. 

An.';. 64.9 {a + hy {a — fc)3 aj«+« 

4 
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Sum and Difference of FracUoot. 

^ 

6. Find the least common multiple of a^-|-2a ft-f-ft', 
— a6» — ^. iliu. (a-f6)>(a— 6)(a4-2 6)>. 



SECTION n. 

AddiUoB and Snbtfactioa of FnctioM. 

73. Problem, To find the sum or difference of 
given fractions. 

Solution. When the given fractions have the 
same denominator^ their sum or difference is a frac- 
tion which has for its denominator the given com- 
mon denominator, and for its numerator the sum ot 
the difference of the given numerators. 

When the given fractions have different defiomi' 
natorsy they are to be reduced to a common denomi- 
nator by arts. 67 and 68. 

• 

74. EXAMPLES. 

1. Find the Bum of ?-, -r, and — 7. 

a f 

., adf±bef—bdt 
"*"*• bdf ' 

2. Subtract t from 1. Ans. ^i=l!^. 

a bd 

3. Find the sum of T* and ?~ Ans. a. 

4. Subtract -^ from ^^-f— • Ans. b. 
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Sam and Difference of Fraetione. 



5. Reduce to one fraction the expression / -(- ^* 

Ans, —^ — • 

b 

6. Reduce to one fraction -I ^ — ^. 

• 16fl6g+15crf/— 46g^ 

"*"*• 24^^a • 

7. Reduce to one fraction r + -^. 

. asfi — bx + \ 
Ans, -J- • 

o X 

8. Reduce to one fraction — ; — ^ 



9. Reduce to one fraction 

3,3,1 \—x 

+ Q/1 V + 



4(1 — «)«^8(1 — ar)^8(l+x) 4(1 + «») ' 

1 X — x^+x** 

10. Reduce to one fraction 

3A 2A-fg 6_^ 

(A — 2 x)2 "^ (A + i) (A-2a:) A + a? ' 

20Ag — 22a;a 
^"^•(A + x)(A-2«)9" 

11. Reduce to one fraction 

€^ ah b 

{a + 6)3 ~ (a + 6)9 + ST** 

a34-a6« + 63 
^'**- (a + 6)3~- 

76. Corollary, It follows, from examples 3 and 4, 
that the sum of half the sum and half the difference 
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Product and Quotient of Fractions. 



of two quantities is equal to the greater of the two 
quantities ; and that the difference of half their sum 
and half their difference is equal to the smaller of 
them. 

SECTION m. 

Multiplication and Division of Fraction!. 

76. Problem. To find the continued product of 
several Jractions. 

Solution. The continued product of given frtuy 
tions is a frctction the numerator of whidt is the 
continued product of the given numerators^ and the 
denominator of which is the continued product of the 
given denominators. 

77. Problem. To divide by a fraction. 
Solution. Multiply by the divisor inverted. 

The preceding rules for the addition, subtraction, multi- 
plication, and division of fractions require no other demon* 
strations than those usually given in arithmetic. 

78. When the quantities multiplied or divided 
contain fractional terms, it is generally advisable to 
reduce them to a single fraction by means of art. 73 

79. EXAMPLES. 

1. Multiply together -r-. -> and -2^ Ans. r-rj* 

b a J baj 

2. Multiply iT-jr-r by -— -= — . Ans. ^ ,- ,, . 
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Prodaet aad Qootiant of Fnetions. Reciprocal. 



8. Multiply ^ by -. Am. I. 

o o 

4. Multiply a-] by x— - 



a-f-x' 

ii»a« 
Ans. 



(fi — X»' 



6. Divide =- by -y. Ans. r— . 

ha he 

6. Divide 1 by =-. Am. -. 

o a 

7. Divide ~-n — by ^ ,% . iiiw. ^ ., ^ . 

8. Divide i* + -5 = by — x. 



Ans, 



a-\-x' 



80. The reciprocal of a quantity is the quotient 
obtained from the division of unity by the quantity. 

Thus, the reciprocal of a is — or a"^, that of a* is — 

a a* 

or a" », that of a "* is a*, and that of — is 1 -^ — or —. 

6 b a 

Hence the product of a quantity by its reciprocal is unity; 
the reciprocal of a fraction is the fraction inverted ; and the 
reciprocal of the power of a quantity is the same power with 
its sign reversed. 

81. Corollary. To divide by a quantity is the 
same as to multiply by its reciprocal ; and, con- 
versely, to multiply by a quantity is the same as tn 
divide by its reciprocal. 



Powen ehaofsd Iron om Tenn to tlio otbor of a Fraction. 

Now a fraction is multiplied either by multiplying its 
numerator or by difiding its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de- 
nominator. Hence, 

It has the same effect to multiply one of the terms 
of a fraction by a quantity, which it has to multiply 
the other term by the reciprocal of the quantity. 

82, Corollary. If either term of a fraction is mul- 
tiplied by the power of a quantity^ this factor may 
be suppressed, and introduced as a factor into the 
other term with the sign of the power reversed. 

By this means, a fraction can be freed from nega- 
tive exponents. 

83. KXAMPUCS. 

1. IVao Ike fraetioD ,_^ from negative exponents. 

A ^^ 

% Free the fraction j^ ^ » from negative exponents 

3. Free the fraction . , — ^ - , ^ from negative ex» 

^ 6« rf» e 
ponents. Ans. -j^. 

4. Free the fraction _Y~i -g ^^ negative expo« 
nents. Ans» . ; , — . 
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Prodoet of Meuii eqMlt thit of Eztremet. 
1 +•«"' + V~* 

5. Free the fraction r—f- — ^ a from oegative ex- 

1 + «"■* — y * • 

84 The preceding rules for fractions may all be 
applied to ratios by substituting the term antecedent 
for numenxtory and consequent for denominator. 



SECTION IV. 

Proportions. 

86. A proportion is the equation formed of tw» 
equal ratios. 

Thus, if the two ratios A : B and C : i> ire eqnal, the 
equation 

A:B = C:D 

b a proportion ; and it may also be written 

d — £ 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and D are the extremes of this proportion, and 
B and C its means. 

86. If the ratios of the preceding proportion are reduced 
to a common consequent, in the same way in which frac* 
tions are, by art. 67, reduced to a common denominator, we 
have 
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Product of Means eqaalt that of Ettroniat. 

that ia^ A X D and B xC have the same ratio to B X />» 
and are consequently equal, that is, 

AXD = BXC. 

or the product of the means of a proportion is equal 
to the product of its extremes. 

This proposition is called the test of proportions, 
that is, if four quantities are such that the product 
of the first and last of them is equal to the product 
of the second and third y these four quantities form a 
proportion. 

Demonstration, Let A, B, C, D he four quantities such 
that 

AxDz=:BxC. 

We have, bj dividing B x D^ 

A xD:BxD = BxC:BxD, 

or, bj reducing these ratios to lower terms, as in art. 40, 

A:B= C:D; 

that is, A, B, C^ D form a proportion. 

87. Corollary. l( A, B^ C, D form a proportion, we 
obtain from the preceding test 

A ',C=B:D 
B:A = D:C 
B:D = A:C 
D:C=^ B:Ay &c.; 

that is, the terms of a proportion may be transposed 
in any way which is consistent with the application 
of the test. 
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To find the Fourth Tenn of a Proportion. 

88. Problem, Given three tenna of a prepertUm^ 
to find the fourth, 

Glutton. The following solution is immediately obtained 
from the test. 

When the required term is an extreme, divide the 
product of the m^ans by the given extreme, and the 
quotient is the required extreme. 

When the required term is a mean, divide the 
product of the extremes by the given mean^ and the 
quotient is the required m>ean. 



89. EXAMPLES. 

1. Given the three first terms of a proportion respectively 
A, B, C; find the fourth. Ans, — r-. 

2. Given the three first terms of a proportion respectively 
2 a &3, 3 a9 6, 6 &3 : find the fourth. Ans. 9at^. 

3. Given the three first terms of a proportion respectively 
fl*, a», aP ; find the fourth. Ans. a»+P""*. 

4. Given the first term of a proportion a? 6', the second 
Sifil^, the fourth 7 ab; find the third. Ans. ^a^^. 

5. Given the first term of a proportion 6a*~'6, the third 
16 0^6*, the fourth 40 a-<«-"i> ; find the second. 

Ans, 16 a'^b-y 

6. Given the three last terms of a proportion respectively 
a" — 69,2(a + ft). £^4-2a6 + 6»; find the first. 

Ans. 2 (a — 6). 

90. When both the means of a proportion are the 
same quantity, this common mean is called the mean 
proportional between the extremes. 



M«an Proportional. Coolinued Froportioa. 

Thus, when 

A:B mm B:C, 

B iait mean proportiooal between A end G * 

91. If the test is applied to the preceding proportion it 

ffives 

B^=zA xC; 

whence 

m 

that is, the mean proportional between two qtiantitieB 
is the square root of their product. 

92. A succession of several equal ratios is called a 
continued proportion. 

Thus, 

AiBw^CiD zsE:F,4uo. 

is a continued proportion. 

93. Theorem. The sum of any number of ante^ 
cedents in a continued proportion is to the sum of the 
corresponding consequents^ (is one antecedent is to its 
consequent. 

Demonstration. Denote the value of each of the ratios in 
the cootiaued proportion of the preceding article by M, and 
we have 

M = A : B = C : D = E : F, &,c.; 
whence 

C = I> xM 

E = FxM, &c. ; 

and the sum of these equations is 

A+C + E + 6lc,:={B + D-\- F + &LC,) X M; 



Ratio of Sum of AalacedoBU to Son of Co— eywoti. 






A + C+E'^^&,c. _^_A _C _^E 



94. Corollary. Either antecedent may be repeat" 
ei any number of times in the above sum^ providea 
its consequent is also repeated the same number of 
times. 

95. Corollary. JSither antecedent may be sub- 
tracted instead of being added, provided its conee- 
queni is also subtracted. 

96. Corollary. The application of these results to the 

proportion 

il : JB = e : J9, 
gives 

A + C:B+D^A:B:=C:D 

A—C:B — D=zA:B=:C:D 

mA+nC:mB + nD=:A:B=^C:D 

mA — nC:mB — nDz=A:Bz=zC:D; 

whence 

A + C:B + D = A^C:B---D 

mA'\-nC:mB'\'nDz=mA — nCimB ^nD; 
or, transposing the means as in art. 87, 

A + C:A^C=B + D:B—D 
mA'\-nC:mA — nC=zmB^nD imB — nD; 

that is, the sufn of the antecedents of a proportion is 
to the sum of the consequents, as the difference of the 
antecedents is to the difference of the consequents, e* 
as either antecedent is to its consetjuent. 

Likewise, the sum of the antecedents is to their 
difference, as the sum, of the consequents is to their 
difference. 
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Ratio of Sum of two lint Termt to that of two last 

Moreover, in finding these stwis and differences, 
each antecedent may be fmiUiplied by any number, 
provided its consequent is multiplied by the same 
number. 

97. Corollary. These rules may also be applied to the 

proportion 

AiC^BiD 
obtained from 

A:B^C:D 
by transposing its means, and give 

A + B:C+D=^A^B:C—D 

=:mA+nB:mC-\'nD=:MA'^nB:mC—nD 

=zA:C=B:D; 

and 

A + B:A — B = C+D:C-^D 

mA-^-nBimA — nB=::mC'\'nD:mC — nD ; 

that is, the sum of the first two terms of a proportion 
is to the sum of the last two, as the difference of the 
first two terms is to the difference of the Uist twOy or 
as the first term is to the third, or as the second is to 
the fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif" 
ference. 

Moreover, in finding these sums and differences, 
both the antecedents may be multiplied by the same 
number, and both the consequents may be multiplied 
by any number. 

98. Two proportions, as 

A:B = C:D 
and 

E : F==^ G:U, 
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Ratio of Reeiproealt. 



may evidently be mulHpUed together^ term by lemii 
and the result 

AxEiB XF^^CX GiDxH 
is a new proportion. 

99. Likewise, all the terms of a proportion ma/y 
be raised to the same potber. 
Thus, A:B=iC:D 



gives 

i4»:B»=C«:I>» 

• 
^A :Z^B=z^C:C^D 

100. Theorem. The reciprocals of two quantities 
are in the inverse ratio of the quantities themselves. 

Thus A:B=: L : } 

B 4 

Demonstration. For A, B, -=, and -j- are four quantities 

HA 1 

such that the product of the first A and the last -j is the 

1 ^ 

b tnie with that of the second B and the third -= ; eaoh pun 

duet being equal to unity. 
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CHAPTER m. 

EQUATIOftS OF THE FIRST DEGREE. 

• SECTION I. 
Potting Problems into Eqaatione. 

101. The first step in the algebraic solution of a 
problem is the expressing of its conditions in alge- 
braic language ; this is called putting the problem 
into equations. 

102. No rule can be given for putting questions 
into equations, which is universally applicable. The 
following rule, can, however, be used in most cases, 
and problems, in which it will not succeed, must be 
considered as exercises for the ingenuity. 

Represent the required quantities by letters of the 
alphabet Perform or indicate upon these letters the 
same operations which it is necessary to perjbrm 
upon their values^ when obtaitied^ in order to verify 
them. 

It is usual to represent the unknown quantities by 
the last letters of the alphabet, as i;, w, rr, y, z, 

103. EXAMPLES. 

The following problems are to be put into equations. 

1. A person had a certain sum of money before him 
From thifl he first took away the third part, and pat in iU 
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fisamplet of pvttiof Quettiom into Equtioo^ 

itatd f SQ ; a shorl tiin« after^ fr^m the sum t)iu» iaocetaed 
he took away the fourth part, and put again in its 9t»9/i 
9 70. He thep counted his monej, and found 9 120. 
What was the original sum t 

Method of putting into equations. Let 

X = the original sum expressed in dollars. 

After taking away the third part and putting in its stead 
9 50, there remains two thirds of the original sum increased 
by f 50, or 

fx + 50. 

If from tfaia stt» is taken a fourth part, there remains 
iiff^ f9^^\^ I to which is to be added $ 70, giving 

which is found to be equal to 9 120. We have, therefore, 
for the requited equation, 

} X -f 107^ = 120. 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year 9 1000 for his 
expenses. At the end of the third year, after deducting the 
last 9 1000, he finds himself in possession of twice the sum 
he had at first. How much did he possess originally ? 

^115. If X = the original capital in dollars, the required 

equation is 

ff x--4114:^2x. 

3. A courier, who goes 31 j- miles every 5 hours, is sent 
from a certain place ; when he was gone 8 hours, another 
was sent after him at the rate of 22^ miles every 3 hourb 
How soon will the second overtake the first t 

Solution, If z = the required number of hours, themim- 
ber of hours which the first courier is on the road is x -|-8 ; 
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Examplw of putting Qaactioiw into EqottioiM. 

and the distance which he goee is obtained from the pio^ 
portion 

5 : X -|- 8 =s 31^ : distance gone bj 1st coarier , 

whence, by art. 889 

distance gone by 1st courier sss ff (« -^ 8). 

The distance gone by the second courier is obtained from 
the proportion 

3 : X = 22^ : distance gohe by 2d courier ; 

whence 

distance gone by 2d courier sss y c. 

But as both couriers go the same distance, the required 
equation is 

4. A courier went from this place, n days ago, at the 
rate of a miles a day. Another has just started, in pursuit 
of him, at the rate of b miles a day. In how many days 
will the second courier overtake the first f 

Ans. If z = the required number of days^ the required 
equation is 

b X = a {x ^ n), 

5. A regiment marches from the place A^ on the road to 
B, at the rate of 7 leagues every 2 days; 8 days after, 
another regiment marches from B, on the road to ii, at the 
rate of 31 leagues every 6 days. If the distance between 
A and jB is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet ? 

Ans, If OP = the required number of days, the required 
equation is 

J«+V(*— 8)=80. 
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Ezunplei of putting Qaettiona into Eqaations. 



6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it firom the same place, and so quickly 
that it may reach the other in 6 days. How mviy miles 
must it march daily to accomplish it 7 

Ans, If X as the required number of miles, the requited 

equation is 

6 « === 216. 

7. From two different sized orifices of a reserroir, the 
water runs with unequal velocities. We know that the-ori* 
fices are in size as 5 : 13, and the velocities of the fluid are 
as 8:7; we know farther, that in a certain time there 
issued from the one 561 cubic feet more than there did 
from the other. How muclv water, then, did each orifice 
discharge in this space of time ? 

SohUian, . Let x =» the quantity discharged by the first 
orifice. 

As the size of the second orifice is. i^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate, would be 

But as the water flows from the second orifice with a 
velocity ^ths of that which it should have to discbarge y % 
in the given time, its actual discharge must be 

whence the required equation is 

^x — x = 561. 

8. A dog pursues a hare. When the dog started, the hare 
had made 50 paces before him. ' The hare takes 6 paces 
to, the dog's ^e ; and 9 of the hare's paces are equal to 7 
of the dog's. How many paces can the hare take before 
the dog catches her ? 
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Examples of pnttiiig Qontioiu into Equstfota. 

Ans. If « SB the required number of paces, the rebuked 
^nation ia 

9. A work is to be printed, bo that «ach pag« may eon^ 
tain a certain number of lines, and each line a certain oiMK 
ber of letters. If we wished each page to contain 3 Hnes 
more, and each line 4 letters more, then there would be 
224 letters more on each page ; but if we wished to have 
2 Hnes less in a page, and 3 letters lesa in each line, then 
each page would contain 145 letters less. How many lines 
are ^le in each paget and how many letters in each linet 

Muihn. Let 

_ # «=s the number of lines in a page; 
y ttt: the number of letters in a linOi 

and we shall have 

B jr :s=: the number of letters in a page. 

But if there were 3 Hnes more in a page, and 4 tettera 
more in a line, the number of letters in a page would be 

(* + 3)(y + 4) = a:y + 4x + 3y + 12, 

which exceeds the required number of letters in a page by 

4a? + 3y + 12; 

whence we have for one of the required equations 

4i + 3y + 12^224; 

and, in the same way, the condition, that 2 lines less in » 
page and 3 letters less in a line make 145 letters less in 
a page, gives the equation 

xy — (X — 2)(y — 3) = 145; 
or 

3x + 2ry — 6=145. 

10. Three soldiers, in a battle, make 9 96 booty, #hich 
they wish to share equally. In order to do this, A\ who 
made most, gives B and C as much as they already had ; in 
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Ezamplw of potting QneBtioiii into Equation!. 

the same manner, B next divided witll A and C, and after 
this, C with A and B. If, then, by these means, the in- 
tteded equal division is eflfected, how much booty did each 
soldier make f 

Ans» If X = A*B booty, 

y = B's booty, 

z^s= C'b booty, 

the required equations are 

4z — 4y — 4 2 = 6^ — 2a;^22 
4g — 4y — 4z=7« — x — y. 

11. A certain number consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two. If this number be divided by the sum of its 
di^s, the quotient is 48 ; but if 196 be subtracted from it, 
then we obtain for the remainder a number consisting of 
the same digits, but in an inverted order. What numlier 
is this? 

Ans. If jp = the digit which is in the place of units-, 
y = that in the place of tens, 
z =±= that in the place of hundreds. 

The number is = 100 z + 10 y -j- *» 
and the required equations are 

lOQg + lOy-f g _^g 

lOOz+lOy + a? — 198=100a? + 10y+«. 

12. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
again as much money as was left, he went to a third tavern, 
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EduuBplM of pttUing Qoaationi ioto Equations. 

^^^»^— ^■^'™^'— ^^^^— ^^»i^— — ■ - I I' — ^■^^^-^^— ^^— "^ 

where likewise be speot 2 shillings, and borrowed as mnoh 
as he had left ; and again spending 2 shillings at a foarth 
UTem, he then had nothing remaining. What had he at 
first! 

Am. If 4P sa the shillings he had at first, 

the required equation b 

8 z — ao = 0. 

13. A person possessed a certain capital, which he placed 
out a^ a certain interest. Another person, who possessed 
9 10 000 more than the first, and who put out his capital 
1 per cent, more advantageously than the first did, had an 
income greater by $ 800. A third person, who possessed 
f 15 000 more than the first, and who put out his capital 2 
per cent, more advantageously than the first, had an income 
greater by $ 1500. Required the capitals of the three per- 
sons, and the three rates of interest 

Am. If X srs the capital of the first, 

y as his rate of interest per cent 

the required equations are 

lOOOOy + z + IOOOO ' 

TOO = ^' 

15 000y + 2a;-f 30 000 ,^^ 

too ~ ^^^' 

14. A person has three kinds of goods, which together 
cost 9 230^4. The pound of each article costs as many 
twenty*fourths of a dollar as there are pounds of that ar- 
ticle ; but he has one third more of the second kind than he 
has of the first, and 3j- times as much of the third as he has 
of the second. How many pounds has he of each article f 

Ans, If « := the number of pounds of the first, 

the required equation is 
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EiaiBplM of putting Questiom into fiqaatioM. 

15. A person bujs some pieces of cloth, st eqasl prices, 
for 9 60. Hsd he got 3 pieces more for the stme muOf 
each piece would ha? e cost him 9 1 less. How snspj pieces 
did he bojt 

An$. If « z= the number of pieees bought 

the required equation is 

60_ 60 , - 

16. Two drapers A and B cut, each of them, a certain 
number of yards from a piece of cloth ; A however 3 jFaids 
less than B, and jointly receive for them $35. " At my 
own price," said i4 to B, " I should have received 9 34 for 
your cloth." " I must admit," answered the other, " that, at 
my low price, I should have received for your cloth no more 
than 9 12^." How many yards did each sell? 

Solution. Let x = the number of yards sold by A ; 

then 4P -f- 3= the number sold by B. 

Now since A would have sold x -f- 3 yards for 934, 

24 

il's price per yard = j-r-^ ; 

and since B would have sold x yards for 9 13j>, 

JB's price per yard = — ss= — . 

Hence 

34* 

the sum for which A sells x yards s= 



*+3' 

the sum for which B sells « -|- 3 yards = — ^ *^ ' ; 
and the required equation is 
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Eiamples of patliiig QuOTtioiM ioto EqmtiMw. 

17. Two trftvelleny A and B, Mt oot at the ume time 
from two different places, C and D ; A, from C to 1>; and 
B, from H to C When they met, it appeared that A had 
already gone 30 miles more than B ; and, according to the 
rate at whkh they are travelliag, A oalculatee that he can 
reach the place I> in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D f 

Ans* . If, when they meet, 

9 =7 the distance gone by if, 

then, s^ 80 = the distance gon» bj JB ; 

the whole distance s 3 s —- 90 ; 

and the required equation is 

Ax 9(2^90) 
x_30 X 

18. Some merchants jointly form a certain capital, in 
such a way that each contributes 10 times as many dollars 
as they are in number ; they trade with this capital, and 
gain as many dollars per cent, as exceed their nuoiber 
by 8. Their profit amounts to 9288. How many were 
there of them f 

Ans. IS X ^z the number of merchants, the required 

equation is 

* xV«^ (' + 8)^288. 

19. Part of the property of a merchant is invested at such 
a rate of f^mpound interest, that it doubles in a number 
of years equal to twice the rate per cent. What is the rate 

r imfearestl 

Ans. If « = the rate per cent., the required equation is 



/100 + ar\2r ^ 

Vn[oo^/ = ^ 
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Degree of an Equation. 



SECTION n. 

R«d«etioa ud Qanifioation of £q«atioM« 

104 The portions of an equation, which are sepa« 
rated by the sign =, are called its members ; the one 
at the left of ihe sign being called its.^^^ memberi 
and the other its second member. 

106. Equations are divided into classes accordii^ 
to the form in which the unknown quantities are 
contained in them. But before deciding to which 
class an equation belongs, it should be freed from 
fractions, from negative exponents, and from the 
radical signs which oSect its unknown quantities ; 
its members should, if possible, be reduced to a* series 
of monomials, and the polynomials thus obtained 
should be reduced to their simplest forms. 

106. When the equation is thus reduced, it is said 
to be of the sams degree as the number of dimen- 
sions of the unknown (|uantities in that term which 
contains the greater number of dimensions of the 
unknown quantities. 

Thus, X and y being the nnkneim quantitiei, the eqoa- 

tiODB 

10 z 4- y = 3, 

we of the firsi degree ; 

x2 4- 3 X + 1 = 6, 
. a?j( = 11, 

are of the second degree, dLc. 
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Tramcoodental KqualioM} Rooti of fiqamtion. 



107. But when an equation does not admit of 
reduced to a series of monomials, or, when 

being so reducedi it contains terms in which the un- 
known quantities or their powers enter otherwise 
than as factors, it is said to be transcendental ; and 
the consideration of such equations belongs to the 
higher branches of mathematics. 
Thus, af = b 

■re transoeodeDtal equatioos. 

108. An equation is said to be sohed, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

109. The reduction and solution of all equations 
depends upon the self-evident proposition, that 

Both members of an equation may he increased^ 
diminished^ multiplied, or divided by the same quan^ 
fity, without destroying the equality. 

110. Corollary. If all the terms of an equation 
have a common factor, this factor may be suppressed. 

111. EXAMPLES. 

1. If the factor eommeii to the terins of the eqaatioo 

is soppreased, what is the resulting equation? 

Am. jr» -f 3 a = 1. 

8. If the factor common to the terms of the equation 

M suppressed, what is the resulting equation t 

Ant. fl -j- 3 a* « =*= 1. 
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To Tree an Equatioii f>om FractiQdt. 

112. Problem. To free an equdtion from frao' 
tions, 

SobUion. Reduce, by arts. 67 and 68, all the 
terms of the equation to fractions having a comm^m 
denominator, and suppress the common denominator, 
prefixing to the numerators the signs of their re^ 
spective fractions. 

Demonstration, For suppressing the deDominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator ; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. 

113. Corollary. It must be strictly observed that, 
when the denominator of a fraction is removed, the 
sign, which precedes the fraction, affects all the 
terms of the numerator. If therefore this sign is 
negative, all the signs of the numerator are to be 
reversed. 



114 EXAMPLK8. 

1. Free the equation 

a , c a — e - 1 

from fractions. 

Solution, This equation, when its terms are reduced to 
a common denominator, is 

ad ^^ be a — c bdhx bd 



bdx*^bdx hdx bd x bdx 
6 
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To ftM an Equation firom Fiaetioiii, 

Suppressing the common denominator, we have 

ad'{'he — (a — c) zsibdhx — bd, 

or 

ad-|-5c — a'\~cszbdkx — bd, 

2. Free the equation 

a — c * d a — e 

from fractions. 

Ans.Sad — 5rf»-|"2** — ** — 2ai:-|-c« = flrf+ 

3. Free the equation 



x-|-2 3z 

from fractions. 

ilfi5.24z9— 18«^ — 36z = 2ex-f 40. 

4. Free the equation 

19 + g 20g + 9 65 

6 (3-a?) "" 19— 7» 4 (3— «) 
from fractions. 

iliM. 684-^14 X— 14 «a = 612 a?+324— 240 »«— 

3705 -f 1365 X. 

5. Free the equation 

ap+y_lz:y = -J !_ 4-_l_ 

OP— y «+y » — y op+y"*"**— y* 

from fractions. 

Ans. x^+2xy-j-y* — sfi-\'2xy — y®=«+y"^*'i" 

6. Free the equation 
from fractions. 
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To free a Fraetioii flrom negttive EiponeMi. 

116. Corollary. If the given equation contains 
negative exponents, it can be freed from them by 
'irts. 80 and 82. 



116. EXAMPLES* 

1. Free the eqintioa 

from fractions and negative exponents. 

Ana. «3-|-ap = «■ — 1. 
S. Free the equation 

»• -\- x""« «• — «*■ 

a* -[- a""* «■ — «""• 
from fractions and negative exponents. 

Ans, x^-rt** — ««» = a**««-« — x^«. 

117. 7%«orem. A term may be transpoBed from 
one member of an equation Jo the other member^ by 
merely reversing its sign ; that is, it may be sup- 
pressed in one member and annexed to the other 
member with its sign reversed from -{- to — , or 
from — to +. 

Proof. For sepptesstng it tn the member in which it at 
first occurs is the tame as subtracting it from that member ; 
and annexing it to the other member with its sign reversed 
is, by art. 96, subtractkig it from the other member ; and, 
therefore, by art. 109, the equality is preserved. 

118. Corollary. All the terms of an equation may 
be transposed to either member, leaving zero in the 
tfther member; and the polynomial thus formed manf 
be reduced to its simplest form^ by arts. 20 and 110. 
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fiqvationf reduced to Ihoir limplMt forma. 



119. BXAMPLX8. 

L Reduce the equation 

mi"" x + l 5^111 

to its simplest form in a series of moaovials. 

S^uiion. This equatio&t freed from fractions by artSL 
113 and 113, is 

7a^+H7x* = 6«"+«— 6z»+i— x»— 3«*— 6x*+«, 

which becomes, by the transposition of its terms and kj the 
reduction of art 20, 

12x«+i4-llf=sO, 

and, by striking out the factor x", 

12x-fll=:0. 

3. Reduce the equation 

x«-}-l X — 1 __ x + l 
i«— 1 (x4-l)«""x— 1 

to its simplest form in a series of monomials. 

ilfu. 8x^-1-1 s& 

3. Reduce the equation 

ax*-|-6x-^c ax* — hx^e 

to its simplest form. 

I. Reduce the equation 

x«4-»"'*'~ x«— «-• 

to its simplest form. 
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Equations of the Fint Degrao. 



SECTION m. 

Soliita^li of EqoatioBi of the Fint Degree, with one unknown qaantitf. 

120. Theorem. Every equatum of the firei do' 

greOf toith one unknown qtumtity, can be reduced to 

the form 

Ax + B = 0; 

in which A and B denote any known qtiantities^ 
whether positive or negative^ and x is the unknown 
quantity. 

Proof. When an equation of the first degree with one 
unknown quantity is reduced, as in art. 118, its first mem- 
ber is composed of two classes of terms, one of which con- 
tains the unknown quantity, and the other does not. If the 
unknown quantity, which we may suppose to be z, is taken 
out as a factor from the terms in which it is contained, and 
its multiplier represented by A, the aggregate of the first 
class of terms is represented by ^ x ; and the aggregate of 
the terms of the second class may be represented by B ; 
whence the equation is represented by 

121. Problem. To solve an equation of the first 
degree with one unknown quantity. 

Solution, Having reduced the gi?en equation to the form 

Ax + B = 0, 

transpose B to the second member by art. 117, and we have 

Ax= —5. 

Dividing both members of this equation by A, gives 

_ B 
6* * A' 
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C«tM in Etjuttiom in tlM flivt Degree. 



Hence, to solve an equation of the first degree^ re- 
duce ity as in art. 180, and transpose its known 
terms to the second member^ and all its unknown 
terms to the first m^ember ; and the value of the unr 
knsiwn quantitp is equal to the quotient arising firtnn 
ike division of the second member by the mmlHpUi^ 
of the unknown quantity in the first member. 

122. Corollary. When A and B are both, positive 
or both negative, the value of x is, by art. 35, nega- 
tive ; but when A and B are unlike in their signs, 
one positive and the other negative, x is positive. 

123. Corollary. When we have 

£»0, 

the value of x is 

x = 7 = 0. 

A 

124. Corollary. When We have 

il = 0, 
the value of i: is 



But the smaller a divisor is, the oftener must it be con- 
tained in the dividend, that is, the larger ftiust the quotient 
be ; and when tlie divisor is aero, it must be contained an 
infinite number of times in the dividend, or the quotient 
must be infinite. Infinity is represented by the sign CD 
We have, then, in this case, 

Z s op 

The given equation is, however, in this case, 

OXa:+B = 0. 
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Cmm in fiqattioM of the Filit Digre*. 



which reduces itself to 

an obvio«i8 absordhyy onless B is zero. 

The sign oo is, therefore, rather to be regaided as 
the expression of the peculiar spe^es of absurdity 
which arisei^ from diminishing the denominator of a 
fraction till it becomes zero. 

126. Corollary. When we have 

il :=- 0, and J3 cs 0| 
the value of :r is 

^ ~ ** 0' 

which is equal to any quantity wlkat6Yer, lEftd la 
called an indeterminate ^scpression. 

The given equation is, indeed, in this casd 

X a: + = 0, 

an equation which is satisfied by any value whatever 
of Xf and is called an identical equation, 

136. EXAKPLftS. 

1. Solve the equation 

Si — 6=13— 7«. 

Ans, z = 1 {« 

2. Solve the equation 

J+ 3+1 -■''-"«-»- f 

Ans. z = 116itf. 
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8. Solve the 


Mfaation 
aB-f-e = 


r*B-|.d. 


1 












illlI.S: 
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ft. Solfe the 


eqaation 


_ /«" 


» 







iliu ^_ cd—afaf—ed 



6. Solve the eqaation 

a6 



i4lM. « = — ^^, 

7. Two capitalists calealate their fortunes, and it appears 
that one is twice as rich as the other, and that together they 
possess 9 38 700. What is the capital of each Y 

An$. The one has • 12 900, the other 9 25 800. 

8. To find two such numbers, that the one may be m 

times as great as the other, and that their sum = a. 

- €t .ma 

.4115. — .T and 



m-|-l m-j-l' 

0. The sum of 9 1200 is to be divided between two per- 
sons, A and jB, so that A*n share is to JS's as 2 to 7. How 

much does each receive ? 

Ans. A 9 266}» £ 9 933^. 
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Eqaatioiw of Um Fint Degree with one anknowe qoeniiiy. 

10. To divide a number a into two such partts, that the 

first part is to the second as m to ft. 

. ma , na 
Ah8. — ^t — and 



m 4- * SI -)- »* 

11. How much money have I, when the 4th and 5th 

parts of it amount together to 9 2,25 f 

Ans. 9& 

19. Find a nnmher such, that when it is divided saoces- 

■ively by m and by n, the sum of the quotients = a. 

. mna 
Ans. 



13. Divide the number 46 into two parts, so that when 
the one is divided by 7, and the other by 3, the sum of the 
quotients = 10. Ans. 28 and 18. 

14. All my joumeyings taken together, says a traveller, 
amount to 3040 miles ; of which I have travelled 3j- times 
as much by water as on horseback, and 2^ times as much 
on foot as by water. How many miles did he travel, in each 
of these three ways ? 

Ans, 240 miles on horseback, 840 miles by water, and 

1960 miles on foot. 

15. Divide the number a into three such parts, that the 

second may be m times, and the third n times as great as 

the^rst 

a ma na 

'*'**• l + « + n' l+m + ii' l+m + j|- 

16. A bankrupt leaves 921 000 to be divided among four 

creditors A^ B, C, D, in proportion to their claims. Now 

it's claim is to B's as 2 : 3 ; B's claim : C's = 4:5; and 

C'b claim : D*b =6:7. How much does each creditor 

receive t 

Ans, A 93200, B 94800, 96000, D 97000. 
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EqmtloM of the Pint Degree with one miluowii (jaentitf. 

17. Divide the namber a into three such ptrta. that the 

lit shtll be to the 2d aa M to n ; and the 2d part : the 

8d s= |» : g. 

^^ »/>• !»£« »g« 

• mp+np+nq* mp+np+nq* mp+up+nq' 

18. There are two nambers whose sum is 96, and di{^- 
ei^M 16 1 what are they t Ans. 56 and 40. 

19^ A father gir e» la hia five sons • 1000, whicb they 
are ta divide aooording to their agesi so that eaeh elder son 
shali foceivq 920 more than his next yoanger brother. 
Whal iethe share of the youngest t Ans. 160. 

20. One has six sons, each whereof is 4 years older th|n 
his next younger brother ; and the eldest is three times as 
<dd as the youngest. What is the age of the eldest t 

Am, 30 years. 

21. There is a certain fish whose head is 9 inches ; 

the tail is as long as the head and half the back ; and the 

back is as long as both the head and the tail together. 

What is the length of the fish t 

Ans, 72 inches* 

22. Five gamesters have lost jointly 9 40| ; B*s loss 
amounts to ^ dollar more than triple il's ; Cs. loss ia $ 2 
less than twice ^'s ; D lost j. dollar less than A and J9 
together ; and E twice as much as B less ^ dollas. How 
much did each of them lose ? 

Ans. A 92,B9Qi, C 9U, D 9Si, E 9l^. 

23. A mason, 12 journeymen, and 4 assistants, receive 
together 972 wages for a certain time. The mason re- 
oeives 9 1 daily, each journeyman j- dollar, and each as- 
•islant ^ dollar. How many days must they have worked 
for this money 7 Ans. 9 days. 
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EqaaUoqt of the First Degree with ope uokaown quftotitj- 



Find a nomber sMob t^hnt. if >pu omUipI^ it by 5, 
•nblfaot 24 fioiii the prodaot, divide the remaiad^ l)y 6, 
and add 13 to the quotient, yoy will obtain this iHimber. 

Ans, 64. 

25. A courier left this place n days ago, and makes a 

miles daily. He is pursued by another making b miles 

daily. In how many days will the second overtake the 

first t ^ na ^ 

Am9. -s — r— daj% 

« 

26. A courier started from a certain pl%ce 12 days ago, 
and is pursued, by another, whose speed is to that of the first 
as 8 : 8. In how m^y daya will tlie secoad overtake the 
first t Ans. 7^ days. 

' 27. A courier started from this place n days ago, and 

is pursued by another whose speed is to that of the first 

aa.p ]«.to q. Ii\ how many days will the second overtake 

the firstt . ng 

Ans, 



j^ — q 

28. Two bodies move in €^i>pasite directions ; one moves 
e feet in a second^ the other C feet. The two places, from 
which they start at tha same time, are distant a feet from 
one another. When will they meet ? 

Ans. In -z=-'. — seconds. 

29. Two bodies move in the same direction from two 
places at a distaaoe of a feel apart ; the one at the rate of 
c feet in a second) the other pursuing it at the rate of C 
feet in a second When will they meet t 

Ans. In -7= seconds. 

V — e 

30. At 12 o'clock, both hands of a clock are < together. 
Wh»n and how often wiH these hands be together in the 
next 12 hours? 
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Am. At 6|^ minatas past 1, at 10|f mmatas past 2, 
at 16/i[> minutes past 8, and so on, in each saocessife 
boar, 6^ minotes later. 

31. Two bodies move after one another in the circum- 
ference of a circle, which measures p feet. At first they 
are distant firom each other by an arc measuring a feet, 
the first moves e feet, the second C feet, in a second. 
When will those two bodies meet for the first time, second 
time*, and so on, supposing that they do not disturb each 
other's motion f 

Ami. In ^ " ' , , " '^ ^ d&c. seconds. 

82. When will they meet if the first begins to move I 
seconds sooner than the second f 

. - a-^et p+a+et 2p+a+ci ^ . 

An$, In 7= , ^-3= — ■ — , -^7= — - — , dcrc, seconds. 

C — e C — c C — e 

83. But when will they meet, if the first begins to move 
( seconds later than the second f 

- a — et p'\'a — ei 2p+a — ct , , 

Am. In ^_^ , ^ ^_^ , C—e '' * ««>n^ 

34. When will they meet, if the first, instead of running 
in the same direction with the second, runs in the opposite 
direction, and starts at the same time t 

a p+a 2p4-fl 8/H-a . . 

85. When will they meet, if, moving in an opposite di- 
rection to the second, the first starts t seconds sooner than 
the second f 

^'"- '° C+7'^^C+7-' -%q:7-,^.,»econds. 
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fiqoatioin of the Firit Degree with one unknown qii^gnti^. 

96. But wlien will they meet, if, moving in an opposite 
direction to the second, the first starts t seconds Yatcrr than 
the second t 

Ans. In ^_.,11X-X_. -^^__.&c., seconds. 

87. A fvine merchant has two kinds of wine ; the one 
ooilf i^ Shmings per gallofi, the other 5. He wishes to mix 
iNiCb wines together, in snoh quantities, that he may have 
M galkNis, and jsachf galkm, without profit or Ibss, may be 
sold for 8 sbiMings. Hew must he mix them ? 

it AS. 37^ gallons of the wine at 9 shillings, with 12^ 

gallons of that at 5 shAltnjp. 

88. A wine merchant has two kinds of wine ; fhe one 
costs a shillings per gallon, the other b shillings. How 
mnst he mix both these wines together, in order to have n 
gallons, at a price of c shillings per gallon ? 

4m« ■ . gallons of the wine at b shillings, and ^ i- 

gallons of that at a shillings. 

39. To divide the namber a into two such parts, that, 
if the first b multiplied by m and the second by », the sum 

of the products is 6. 

b — na ,ma — b 

Ans, and . 

m — n m— n 

40. One of my acquaintances is now 30, his younger 
brother 20 ; and consequently 3 : 2 is the ratio of his age 
to 1m8 brother's. In how many years will their ages be as 
5:4? Ans. In 20 years. 

41. What two numbers are those, whose ratio =: a : b; 
bat, if e is added to both of them the resulting ratio aac m : n I 

Ans. — ^ — = — i and — ^ — r — -. 
an — bm an — bm 
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EquitioBf cf Um Pint Dagrae witk one nnkaown quantity. 

I 

42. Find a number such thai 6 times the number is as 
much aboTe 2O9 as the number itself is beiow 20. 

iliu. 6f 

43. A person wished to buy a house, and in order to 
raise the requisite capital, he draws the same sum from 
each of his debtors. He tried, whether, if he obtained 
$260 from each, it would be sufficient for the purpose; 
he found, bowerer, that he should then still lack $ 3000. 
He tried it, therefore, with 9340; but this gave him 9 890 
more than he required. How many debtors had he f 

Ans. 32. 

44 A father leaves a number of children, and a certain 
sum, which they are to diride amongst them as follows: 
The first is to receive $ 100, and then the 10th part of the 
remainder; afler this, the second has $200, and the 10th 
part of the remainder ; again, the third receives 9 300, and 
the 10th part of the remainder ; and so on, each succeed- 
ing child is to receive 9 100 more than the one preceding, 
and then the 10th part of that which still remains. But 
it is found that all the children have received the same 
sum. What was the fortune left ? and what was the num- 
ber of children 7 

Ans. The fortune was 9 8100, and the number of 

children 9. 

45. Divide the number 10 into two such parts, that the 
difference of their squares may be 20. Ans, 6 and 4. 

46. Divide the number a into two such parts, that the 
difference of their squares may be b. 

Ans. ^' and —rr — . 
2a 2a 

47. What two numbers are they whose difference is 5 

and the difference of whose squares is 45 ? 

Ans, 7 and 2. 
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EiunpiM of nnknowD qauitity tqaal to Zero. 

48. What two sumbera are they whose difierence is a, 
and the difference of whose squares is 6 ? 

An$. — s — *nd -s — • 

127* Corollary. When the solution of a problem 
gives zero for the iralue of either of the unknown 
quantities, this value is sometimes a true solution ; 
and sometimes- it indicates an impossibility in the 
proposed question. In any such case, therefore, it is 
necessary to return to the data of the problem and 
inyestigate the signification of this result. 



128. EXAMPUBS. 

1. In what cases would the value of the unknown quan* 
tity in example 25 of art 126 become zero? and what 
would this value signify 7 

SobiHan, As the value of the unknown quantity of the 
example is the fraction, which is its answer ; it is zero, when 

6 — a 
<Hr, clearing from fractions, when 

na = 0; 
diat is, when 

It = 0, or when a = ; 

and, in either case, this value signifies that the couriers are 
together at the outset; and zero must, therefore, be regarded 
a real solution. 



2. In what cases would the value of the unknown quan- 
tity in example 35 of art. 126 become zero? and what 
would this value signify ? 
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Eitnplet of onkiiowB quati^ •qiial to Zero. 

iliM. When I = — , or =^-2 — , or = ^ '^ , &c,, 

c c c 

■nd either of these eqaations sigoifies that the bodies are 
together when the second body starts^ the first body hav- 
ing just arrived at the point of departure of the second^ 
and tero is, therefore, to be regarded as a real solution 

3. In what cases would the value of one of the unknowi* 
quantities in example 38 of art. 126 become zerot and 
what would this value signify? 

Ans. When either 

It ^ e, or A = c ; 

and, in either case, these e^uatioas indicate thai the price 
of one of the wines is just that of the required mixture, 
and, of course, needs none of the other wine added to it 
to make it of the required value ; and zero, must^ there- 
fore, be regarded as a true solution. 

4. In what cases would the value of one of the unknown 
quantities in example 39 of art. 126 become zero? and 
what would this value signify 1 

Ans, When 

6 = It a, or = m a ; 

and these equations indicate that a is itself such that, 
multiplied either by m or by n, it gives a product as b ; 
and zero may be regarded as a true solution, expressing 
that one of the parts is zero, while the other is the num- 
ber a itself. 

&. In what cases would the value of one of the unknown 
qnantities in example 41 of art. 126 become zerot and 
what would this value signify ? 

Ans. First. When 

a = 0, or 6 = 0, 

and, in this case, zero is a true solution by regarding ail 

numbers as having the same ratio to zero. 
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Cmoi Id which the Talue of an onknown qiuotity ii idfinita. 

Secondly. When cs=0, 
»Bd, in tbia cam, tbe pioUem is impossible, fiir no two 
Uttinbers can be in Ibe ratio a : h^ andt witbout having 
any thing added to or subtracted from tbenii acquire the 
different ratio s» : n. 

J%MEty. When m^=^n^ 
and, in tfan ease, the proMem is impossible, for no two 
numbers, wliose ratio m a ih^ and whieh are therefore 
uneqaal, can, by tbe addition of £ to each of them, 
become equal to each other, as requind by the ratio 
m : n =? m : m S3 ]. 

1$29. When the solution of a problem gives, for 
the values of one of its unknown quantities, any 
fractions, the denominators of which are zero, while 
the numerators are not zero ; such values are, gener- 
ally, to be regarded as indicating an absurdity in the 
enunciation of the problem. 



130. BXAXTLSS. 

1. In what case does the denominator of the fractionsl 
value of the unknown quantity in example 25 of art 126 
become zero 7 and what is the corresponding absurdity in. 
the enunciation of the problem' ? 

Ans, When a =: 6, 

and the absurdity is, that, while the couriers are travel- 
ling at the same rate, it is required to determine the time 
in which one will overtake the other. 

2. In what case do the denominators of the fractional 
values of tbe unknown quantity in example 38 of art. 12G 
become zero? and what is the corresponding absurdity in 
the enunciation of the problem ? 
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An$. When a = 6, 

tod the absttrditj is that, while both the winei are of the 
■ame Talue, they should giTO a miitare of a Talue diiier> 
ent from their commoa ?alue. 

3. In what case would the denominaUm of the fractional 
values of the unknown quantities in example 41 of art. 126 
become zero t and what is the corresponding absurdity of 
the enunciation t 

Am. When 

an^^bm^ that is, when a : 6«Baei:ii; 
and the absurdity is, that the ratio of two unequal num- 
bers should not be changed by increasing them both by 
the same quantity. 

4. In what case would the denominators of the fractional 
ralues of the unknown quantities in example 48 of art. 126 
become zero t and what Lb the corresponding absurdity of 
the enunciation t 

Ana. When a =: 0, 

and the absurdity is, that the squares- of two equal num- 
bers should differ. 

131. Corollary. When the solution of a problem 
gives for the value of either of its unknown quanti- 
ties a fraction whose terms are each equal to zero, 
this value generally indicates that the conditions of 
the problem are not sufficient to determine this un- 
known quantity, and that it may have any value 
whatever. In some cases, however, there are limi- 
tations to the change of value of the unknown 
quantity. 
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Cases in whi^h the value of an unknown quantity is indetenninnte. 

. ■■ I 

132. XXAHPLSS. 

1. In what case would both the terms of the fractional 
▼aloe of the anknowa quantity in example 25 of art. 126 
beeome zero f and how eould this value be a solution f 

Ans, When & = a, and n ss ; 
and these equations signify, that the couriers travel equally 
fast, and start at the same time ; and, therefore, they re- 
main together, and any number whatever may be taken 
as the value of the unknown quantity. 

2. In what case would both the terms of either of the 
fractional values of the unknown quantity in example 31 
of art. 126 become zero ? and how could this value be a 
solution T 

Ans. When a = 0, and C = c ; 
and these equations signify, that the bodies move equally 
fast, and start from the same place ; they, therefore, re- 
main together, and any number whatever may be taken 
as the value of the unknown quantity. 

But, in this case, aH the algebraic values of the un- 
known quantity but the first become infinite, as they 
should, because they are obtained on the supposition, that 
the second body has passed round the circle once, twice, 
dLc, oftener than the first body ; which is here impos- 
sible. 

3. In what case would all the terms of the fractiona. 
values of the unknown quantities in example 3S of art, 126 
become zero? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans. When a=i b s= c; 

and these equations signify, that the wines and the mix- 
ture are all of the same value ; in whatever proportion, 
therefore, the wines are mixed together, the mixture 
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man be of the required r alue. But the values of the 
unkoown quantities ate etiU subject to the limitation that 
thejir 9091 isn. 

4. In what oasf woold the terms ef the fractional ralues 
of the mkaowB quantities in exam^ 91^ of art. 196 be* 
come zero? and how could they, then, ealisQf the con- 
ditions of the problem f 

Ans. When 

« 3= n, and ft =s n « ss m a ; 
and these equations signifj, that the earn b oi the pro- 
ducts of the parts of a multiplied by m = n is $0 be eqi^al 
to the product of a multiplied by n ; and this is, evidently, 
the case into whatever parts a is divided. 

5. In what cases would all the terms of the fractional 
values of the unknown quantities in example 41 of art. 126 
become aero ? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans. First. When 

<7 : 6 =: m : It, and e = 0; 
for these equations indicate that the two required numbers 
are only subject to the condition that their ratio = a : 6. 

Sfcondly. When 

OT = », and a : 6 3= iM : n = m : iw= 1 , that is, a = (» ; 
for these equations indicate that the two nnmbers are to 
be equal ; and that they are to remain equal, when ihey 
are increased by c, which would always be the case. 

6. In what case would all the terms of the fractional 
values t>f the unknown quantities in example 48 of art. 126 
become zero ? and how could these values be solotions 7 

Ans, When a =s 0, and 6 = 0; 
and their equations indicate that the numbers are to be 
equal, and that their squares are to be equal, which is 
always the case with equal numbers. 
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Cases of oegative value of unknown quantity. 

133. Corollary. When the solution of a problem 
gives a negative value to either of the unknown 
quantities, thia value is not generally a true solution 
of the problem ; and if the solution gives no other 
than negative values for this quantity, the problem 
is generally im|>ossible. 

But, in this case, the negative of the negative 
value of the unknown quantity is positive ; so that 
the enunciation of the problem can often be cor- 
rected by changing it, so that this unknown quan- 
tity may be added instead of being subtracted, and 
the reverse. 



134. EXAMPLES. 

1. Id what case would the value of the unknown quan- 
tity in example 25 of art. 126 be negative ? why should it be 
80? and could the enunciation be corrected for this case? 

Ans. When a > 6 ; 

that is, when the second courier goes slower than the one 
he is pursuing, in which case he evidently cannot over- 
take him ; and the enunciation does not, in this case, 
admit of a legitimate correction. 

2. In what ease would the values of the unknown qman- 
titles in examples 29, 31, 32 of art. 126 be negative ? why 
should this be so ? and could the enunciations be corrected 
for this case ? 

Ans, When ^^ C \ 

that is, when the first body moves faster than the second, 
in which case the second cannot overtake it. 

The enunciation may be corrected for this case by 
supposing the bodies to travel in the opposite direction to 
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thit which they are tt present taking, that is, by rappoe- 
ing the first body to pursue the second. 

Examples 81 and 33 are not, howeTer, impossible in 
titts case ; for, from the very nature of their circular mo- 
tion, the first body is'necessarily pursuing the second even 
in their present direction; the second body roust not, 
howcTer, be considered as a feet or a -j- e < feet behind 
the first, but asp — aorjp — (a-f-el) feet before it 

3. In what cases would the values of the unknown quan- 
tity in example 33 of art. 126 be negative T why should this 
be the case! and could the enunciation be corrected for 
this case t 

Ans. First. When C<Ce, 
which is subject to the same remarks as in the preceding 
questKHi. 

Secondly. When C > c, 

and c f > a, or >/> '■^a,ox^2p'\' a, dtc. , 
that is, when the first body does not start until the second 
body has passed it once, or twice, or three times, 6lc, ; and 
if the bodies were moving in the same straight line, the 
enunciation would not admit of legitimate correction. As 
it iff, however, the first body is still pursued by the second, 
and is p-\'a — ci^^p-^-a — ct^ &c., feet before the 
second, when it starts ; so that all the values given for the 
unknown quantity are correct, except the negative ones. 

4. In what cases would the values of the unknown quan- 
tity in example 35 of art. 126 be negative? why should this 
be the case 7 and could the enunciation be corrected for 
this case 7 

Ans, When 

cf^a, or ]>p + ^» ^^ ^^P'h^* ^^'5 
that is, when the first body has passed the second once, 
twice, 6lc., before the second begins to move. 

If the bodies were moving in the same straight line, 
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Cases of negative value of unknown qaantity. 

the second body would be obliged to change its direction, 
and nnove in the same direction with the first, and even 
with this change of enunciation the problem is impossible, 
if the second body moves slower than the first. 

fiut as it is, the bodies are still moving towards each 
other in the circumference of the circle; their distance 
apart at the instant when the second body starts being 

positive values of the unknown quantity remain as true 
solutions. 

5. In what cases would the values of either of the un- 
known quantities in example 38 of art. 126 be negative ? 
why should this be the case T and could the enunciation be 
corrected for this case ? 

Ans. If we suppose, as we evidently may, that a ^ 6 ; 
one of the values is negative. 

First. When o<^c; 

that is, when the price of the most expensive wine is less 
than that of the required mixture. 

Steondly. When h^ e\ 
that is, when the price of the least expensive wine is 
more than that of the mixture. 

In either case the problem is altogether impossible, 
fiHT two wines cannot be mixed together so as to produce 
a wine more valuable than either of them without a gain, 
or less valuable than either of them, without a loss. 

6. In what cases would the value of either of the un- 
known quantities in example 39 of art. 126 be negative? 
why should this be sot and could the enunciation be cor- 
rected for this case ? 

An$. Supposing, as we may, that m ^ n ; 

F^rst, When n a > 6, 

that is, when the sum h of the products is less than the 
product of a by the least of the numbers nt and n. 
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Secondly, When m a<^k; 
that 18, when the sum 6 of the prodact« is greater than 
the product of a by the greater of the Dumbers m and ». 

Id either of these cases, the problem is plainly impo^ 
sible ; and, in the corrected enunciation, a should be the 
difference of the required numbers, and h the difference 
of the products obtained from multiplying one of the 
numbers by m and the other by n. 

7. In what cases would the ?alues of the unknown quan- 
tities in example 41 of art 126 be negatiFe 7 why should 
this be so ? and could the enunciation be corrected lor this 
case? 

Ans. J^rst, When 

m ^ If, and aii<[6iif, ora:6<[iii:«; 
that is, when the first ratio is less than the second, and 
the second is greater than upity. 
Secondly. When 

m <[ «» and a : f^ m : n ; 
that is, when the second ratio is less than the first, and 
also less than unity. 

^ In either case the problem b impossible, and c is to 
be subtracted instead of being added in tlie corrected 
enunciation. 

6. In what ease would the value of one of the unknown 
quantities in example 46 of art. 196 be negative t why 
should this be so? and eould the enunciation be corrected 
for this case ? 

Ans, When b];> cfi; 

' that is, when the di(|i^^nce of the squares of the parts of a 
is to be greater than the square of the number itself, which 
can never be the case ; for the greatest possible difference 
of squares corresponds to the case in which one of the 
parts is the number a itself, and the other is zero ; and 
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the differ^ice of the squares is $hen just equal to the 
square of a. 

The enunciatioo is corrected for this ease by stating it 
as in example 48. 

135. Corollary, It follows from example 7 of the 
preceding section that a fraction or ratio, which is 
greater than unity, is increased by diminishing both 
its terms by the same quantity; and a fraction or 
ratio, which is less than unity, is diminished by di« 
minishing both its terms by the same quantity ; but 
the reverse is the case, when the terms are increased 
instead of being diminished. 



SECTION lY. 

£<|oatioo8 of tha Fust Dagraa coDUiniag tam or oofa imkaowB qaaotllaaa. 

136. In the solution of complicated problems in- 
rolving several equations, it is often found convenient 
to use the same letter to denote similar quantitieS| 
Accents or numbers being placed to its right or left, 
above or b^low, so as to distinguish its different val- 
ues. 



Thus, 


a. 


of, a" 


a>", 


a",. 


. . a^\ 


&c. 




<fi>. 


a«, 


a»>. 


d« . 


.. fl« 


i&C. 




«i. 


"t, 


0*. 


«,, . 


• • • «•» 


d&c. 




'«. 


"«. 


'"a. 


^a, . 


. . . -a, 


Slc. 




•a. 


•«. 


*". 




. . . -a. 


&c. 




i«, 


ifi. 


i». 


4«» • 


• • • iifl> 


&c. 




<4. 


*«., i«« 


. §«'. 


f«",.. 


. . . :^\ 


Slc, 



may all be used to denote different quantities, though they 
generally are supposed to imply some similarity between the 

9 
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Indetemiiimte Eqoitiom fefeired to the tlieorj of Namben. 

qaaotities which they represent. Care most be taken not 
to confound the accents and the nambers in parentheses at 
the right with eiponenta. 

137. Problem. To solve an equation with several 
unknown quantities. 

Solution. Solve the given equation precisely as if 
all its unknown quantities were known^ excqft any 
one of them which, may be chosen at pleasure ; and 
in the value of this unknown quantity j which is thus 
obtained in terms of the other unknown qtuintities^ 
any values whatever may be substituted for the other 
unknown quantities^ and the corresponding value of 
the chosen unknown quantity is thus obtained. 

138. Corollary. An equation which contains sey- 
eral unknown quantities is not, therefore, sufficient to 
determine their values, and is called indeterminate. 

139. Scholium. The roots of an indeterminate 
equation are sometimes subject to conditions which 
cannot be expressed by equations, and which limit 
their values ; such, for instance, as that they are to 
be whole numbers. But their investigation depends, 
in such cases, upon the particular properties of differ- 
ent numbers, and belongs, thetefore, to the Theory 
of Numbers. 

140. TTieorem. Every equation of the frst de^ 
gree can be reduced to the form 

Ax + By + Cz + &.c. + M==:^0; 
in which A, B, C, ifc. and M are known quantiiies^ 
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Solotioii of an J Eqnilion of t)ie Fint DegVM. 

eUher positive or negative^ and z, y, z, tfe. are the 
unkmHtn juaniiiies. 

Proof, , When an eqaation of the first degree is reduced, 
as in art 118, the aggregate of all its known terms inny 
be denoted by Jf. Each of the other terms must have one 
of the unknown quantities as a factor ; and, by art. 100, 
only one of them, and that one taken but once as a factor. 
Taking out, then, each unknown quantity as a factor from 
the terms in which it occurs, and representing its multi|ilier 
by some letter, as i4, B, C, d£.c., the corresponding un- 
known quantities being represented by x, y, z, dtc, the 
aqoataon becomes 

il«-}-lly-fCz-)-&c.-{-Jf=0. 

141. Problem. To solve an f equation of the fret 
degree. ' 

SdlutMn. Having reduced the equation to the form 

ils^By-|-C2;-|-&c.-f-Jlf=0, . 

find, as in art 137, the value of either of the unknown 
quantities, as x, for instance, which is, by art. 131, 

' — By— Cg — fee — Jf 

and any quantities at pleasure may be substituted for y, 

s, &C. 

142. Problem. To solve several equations with 
several unknown quantities. 

First Method of Solution called that of Elimina* 
tion by Substitution. Find the value of either of the 
unknown quantities in one of the equations in which 
it occurs^ and substitute its value thus founds which 
is generally in terms of the other unknown quanti- 
ties^ in all the other equations in which it occurs. 
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Solution of Equation!. Eliminntion by Substitution. 

The new equations thus formed^ together with 
those in which this unknown quantity does wd oeewr^ 
are one less in number than the given equations^ 
and contain one unknown quantity less, and may^ 
by a succession of similar eliminations be still far* 
ther reduced in number and in the number of their 
unknown quantities, until only one equation isJinaUy 
obtained ; and the solution of all the given equoHons 
is thus reduced to that of one equation. 

143. Corollary. When there are just as maay 
equations as unknown quantities, the final .eqaation 
of the preceding solution will, in general, contain 
but one unknown quantity, the value of which qiay 
be thence obtained ; and this value, being substituted 
in the values of the other quantities, will lead to 
the determination of the values of all the unknown 
quantities. 4 

144. Corollary. When the number of unknowii 
quantities is more than that of the given equations, 
the final equation will contain several unknown 
(piantities, and will therefore be indeterminate ; so 
that a problem is indeterminate, which gives fewer 
equations than unknown quantities. 

145. Corollary. When the number of unknown 
quantities is less than that of the given equations, 
only as many of the given equations are required to 
determine the values of the unknown quantities as 
there are unknown quantities ; and the problem is 
therefore impossible, when the values of the im- 
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Case in which the roots of two equatiooB ar« Zero. 

known quantities detennined from the fequisite 
equations do not satisfy the remaining equations. 

146. Problem. To solve two equations of the first 
degree with two unknown quantities. 

Solution* Sappose, as in art. 140, tbe given equations to 
be reduced to the forms 

^x-f-By + if =0, 

in which x and y are the unknown quantities. 

The value of x^ obtained from the first of these equa- 
tions, is 

— By — M 

*" A 

which, nibstitoted in the wcond eqaation, girai 

The value of jr is found from this equation, bj art. 131, 
to be 

^^ AB' — AB* 

which, substituted in the above value of x, gives 

BM*—B'M 
^'^ AB' — A*B 

147. Corollary. The value of x, obtained by the 
preceding solution would be zero, if its numerator 
were zero, that is, if 

BM'^B' M. 

But, in this case, if the first of the given equations is 
multiplied by B', and the second hj B, these products be- 
come, by transposition and sulistitution, 
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CttM in which the rooti of two Rqantiom are infinite and indeterminate. 

ilB'«=— BB'y— B'Jf. 
A'B%=—BB'^—BM':^—BB'y—B'M; 

whence 

AB'x^A'Bx; 

chat is, the given equations involve the condition that two 
different multiples of x are equal. But this is impossible, 
unless 

The value of y would, likewise, be zero, if we had 

A' M=A if', 

which leads to conclusions with regard to y, similar to those 
just obtained with regard to «. 

148. Corollary. The denominators of the values 

of both the unknown quantities would be zero, if 

we had 

AB' = A' B. 

But, in this case, if the first of the given equations is 
multiplied by B* and the second by B, these products be- 
come, by transposition and substitution, 

A*Bx + BB'yz=zAB'x+BB'y^—BM'; 
whence, we must have 

B' if = B if ' ; 

that is, they involve the impossibility that the two unequal 
quantities B' M and B M* are equal. 

149. Corollary. Both the terms of the fractional 
value of X would be zero, if we had 

BUr^B'MjBndAB'^A'B. 
But, in this case, if the first of the given equations is mul* 
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tiplied bj B' and the second by B, the products become, by 
•abftttation, 

AB'x+BB*y+B'M = 0, 
A'Bx+BB'y+BM=AB'x+BB'y+B'M^O; 

that 18, the two given equations are equiTalent to but onc^ 
and are, as in art. 144, indeterminate. 

The product of the two equations 

B M'=B'M, and A B'^A'B, 

AB&M'^A'BBM, 

which, dirided by B B\ is 

AM'^A' Jf , 
■o that both the terms of the value of y would dao be 



160. BXiJfPLES. 

1. Solve the two equations 

3« + 2y = 118, 
ap 4- 6 y = 191. 

An$. X = 16, y = 8S. 
S. Solve the two equations 

2 + 3-®' 

^-i^ = l 

3 2* 

Ans, « = 12, y ss: 6. 

3. Solve the two equations 
7+2 2x — y 

Sy-7 4»-8 

— 2-+-g- = I8-5*. 

Ans, X =3, y=a=2. 
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. be ae 



6. A says to B, "give me f ICM), and I shall have at 
mach as yoa/' '* No," says B to it, " give me rather 
9 100, and then I shall have twice as much as you." How 
many ddlars has each ! Ans, A 9 500, and B 9 700. 

6. Said a lad to his father, *<How old are we Y " « Six 
years ago," answered the latter, ** I was one third more than 
three times as old as yon ; but three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain my 
own." What is the age of each t 

Ans. The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was open 4, 
and the second 5 hours, 90 buckets of watcir were obtained. 
By another experiment, when the first was open 7, and the 
other 3^ hours, 126 bucket^ were obtained. How many 
buckets does each pipe discharge in an hour? 

Ans, The first pipe discharges 15, and the second pipe 

discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becomes = ^ ; and if 1 be added to its 
denominator its value becomes = ^. What fraction is it ? 

Ans. •^. 

9. Required to find two numbers such, that if the first be 
increased by a, and the second by b, the product of these 
two sums exceeds the product of the two numbers them* 
■elves by c ; if, on the other hand, the first be increased by 



«■, in. ^ !▼.] EQUATIONS OT TflE FIRST DBGRBB. • tt 



EqMllogg of the Pint D«gre« loWod bgr fitimiiMtioB by Sabttitatioft. 



tf'y and tlie teoond by AK, the prodiMt of these suns exceeds 
the prodacts of the two numbers themselves by e'. 

Am. The first is rr e • *^« second 

a o — 11 o* 

. bd^h't+ahh'—ahy 

18 ■ ■ ,' s ^ , 

10. A person had two barrels, and a certain quantity <yf 
wine in eaifeh* In order to obtain an equal quantity in each, 
he poured out as miich of the first cask into Uie second, as 
the second already contained ; then, again, he poured out 
as much of the second into the first as the first then con- 
tained, and lastly, he poured out again as much firom the 
first into the second as the second still contained. At last 
he had 16 gallons of wine in each cask. How many gal- 
lons did. they contain originally ? • 

Ans. The first 22, the second 10 gallons. 

It. 21 Ibsr of silver lose 2 lbs. in water, and 9 lbs. oi cop- 
per lose 1 lb. in water. Now, if a composition of silver and 
copper weighing 148 lbs. loses ]4f lbs. in water, how many 
lbs. does it contain of each metal ? 

Ans, 112 lbs. of silver, and 96 lbs. of copper. 

12. A given piece of metal, which weighs pibs., loses 
«tbs. in water. This piece, however, is composed of two 
other metals A and B such, that p lbs. of A lose a lbs. in 
water, and plbs. of B lose 6 lbs. Ho.w much does this 
piece contain of each metal ? 

Ans. ^^.ZZlll lbs. of il, and ilZlflk lbs. of B. 
h — a h — a 

13. According to Vitruvius, the crown of Hiero, king of 
Syracuse, weighed 20 lbs., and lost l^lbs. in water. Assum- 
ing that it consists of gold and silver only, and tiiat 19,64 lbs. 
of gold lose lib. in water, and 10,5 lbs. of silver lose lib. in 
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water. How mueh gold, md how much Bilfor, did thii 
erowD eoaUmI 

Ans. 14,77 . • . Ibi. of gold, and 5,82 . . . Iba, of tOver. 

161. Problem. 7\» solve any number of eqtUMtione 
ofthejirst degree unth the eame number of unknown 
quantities. 

SshUiem. Let there be three equations with three un- 
known quantitiea; theee equations maj, by art 140, be 
redueed to the forms 

A x^B y + Cx + M =^0, 
A'x^B'y + C'x+» = 0, 

The value of «, given by the first of these equations, is 

— Bv—Cz — M 

* A 

which, being substituted in the other two equations, and the 
resulting equations being reduced, as in art. 140, gives 

{AB*—A*B)y+{^O^A'C)x+AM*—A'M=^0, 
{A B"—A''B)^ + (A O'-^A'^Cix+A M'-^A^M = 0. 

These equations, being solved, as in art 146, give 

_ (A*0'^A''0)M+{A*'O^A 0')M'+{A C--A'C)Mt' 
^ " Ia'B"'^A"B')C+{A"B--AB")0+(^B'—A*B)0'' 

_ {A"B'—A'B")M^^'{AB"—A'^B)M'+{A'B'^AB')I»P , 
* "" {A*B"—A"B')C+(A"B—AB")C+IaB'—A'B)C'* 

in which the terms are arranged in groups in order to dis- 
play the symmetry of the result ; and these values, being 
substituted in the value of x, give 

{»fO—BO')M-\- {BO'—B"C)M* -f {B'C^BC)M' 

' "" Ia'B''—A''B')C+(A''B^AB")C + {AB*—A'B)C" 
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Ex«inpl0f to be solved by Elimination by Subititatioii. 

If this method of aolution be applied to a greater number * 
of equations, it will lead to similar results^ 



162. EXAMPLES. 

1. Sol?e the three equations 

« + y + « = 6, 

. Ans. z=:l,ys= 29X358 

2. Solve the three equations 

f + i « = 41, 
« + i» = 20J. 
5r + iz=84. 

Ans. X = 18, y sx 92, 2 sr 10 

a 

3. S<d?e the three equations 

53— ^ar-~^x=:y_ 109, 

ix + iy=26, 
5 y = 4 z. 

Ans. z = 64, yasSO, XcalOO 

4. Solve the four equations 

«+ y+ «+ n—l, 

lOx-j- 8y4- 4x-f^"™^> 
81x-f27y-j- 9z+3i« = 36, 

256x4-64y-f'16«+^»== ^^• 

Ans. 7 = ^,y = ^, xsxs^, imO. 

6. The sums of three numbers, taken two and two, art 
a, 6, c What are they ? 

iins. i(a + 6 — c), i(a + c — 6), J(6 + c — a). 

6. At B, C compare their fortunes. A says to B, ** give 
roe $ 700 of your money, and I shall have twice as much 
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•0 yoa retain ; " B says to C, " give me 9 14(00, and I shall 
hfave thrice as much as you have reroaining ; " C says to A, 
** give roe 9 420, and then I shall have 5 times as much as 
you retain." How much has each ? 

Am. A 99S0, B 9 1540, C 92380. 

7. Three soldiers, in a battle, make 996 booty, which 
they wish to share equally. In order to do this. A, who 
made most, gives S and C as much as they already had ; in 
the same manner, B then divided with A and C ; and after 
this, C with A and B. If, by these means, thS intended 
equal division is effected, bow much booty did each soMier 

"*k«^ ilns.il 962, B 928, C 9 16. 

8 it, B, C, B, E play together on this condition, that he 
wha loses shall give to all the rest as much as they already 
have. First A loses, then B, then C, then B, and at last 
also R All lose in turn, and yet at the end of the 5th 
game they a., hare the same sum, viz. each 9 32. How 
much had each wwsn they began to play ? 

Ans.A 981,B941, C921, B91i, £96. 

163. Second Method of solving the Prchlom of 
art 142, called that of Elimination by Comparison. 
Find the value of either of the unknown quantities 
in all the equations in which it is contained ; place 
either of the values thus obtained equal to each of 
theoth^Sf and the equations thus formed will be one 
less in number than those from which they are ob- 
tained^ and will contain one unknown quantity less. 
By eontimiing this process on these new equationSy 
the number of equoHens will ftnaUy be reduced to 
ene» 
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1. 70 sohe any tun equaUons of the frU Agru wUk 
two wdcMomn qtuaUities. 

8(4»itum. These eqaatioiui may, as in art. 146, be re> 
dnced to the tbrms 

Ax + By+M =zO, 

The Tallies of x, obtained from these equations, are 

— By — M 

^ 3 • 

it' 
which, being placed equal to each other, give 

— Ihy — If— B^y — Jfi 

A A' 

whence 

A'M—A» 

^"^ AB' — A' B' 
BAd, therefore, 

_ BW — B'M 

^'^ AB — A' B' 

being the same Talues as those obtained in art 14& 

3. Solfc the three equations 

« "^ y % 12' 

« y "^ « ~ W 
9 
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SobaioH. The ? aloes of x, obtained from Iheee eqa»- 
tkfOB, are 

_ 12yz 

*""7y«— 12« + 12y' 

6yz+l2«— 12y' 

the first of which being placed equal to each of the others 

glTCs, by redactiody 

« = 4, 

y==3; 

whence we get, from either value of x, by substitatimiy 

s»2. 

8. Solve the two equalions 

7y:4» 2ap-— 9yi 
19 n =» 60 y 4- 621 j. 

ii}i5. 9 = 88}, y = I7f 

4. Solve the three equations 

3«-f 5yr=^16l» 
7 X + 2 z = 209, 
2y4" «=t«89. 

Am, »=»lt, yss22, z = 4& 

5. 9plve the three orations 



— -|- *- «= •> 



1 , 1 

y • « 
. 2 2 8 

a-}-6-*c "^ a — 6 + c 6-[-c— « 
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6. Sohe the tbrae equatioiiB 

s fty "^ « "^ 16* 
4»"*"y"^"«"" 72' 

7 A person has two horses, and two saddles, one of 
which cost 9 50, the other $ 2. If he places the best sad- 
dle upon the fiist horse, and the worst upon the second, 
then the latter is worth 9 8 less than the other ; but if he 
puts the worst saddle upon the first horse, and the best upon 
the other, then the latter is worth 3} times as much as the 
first. What is the value of each horse? 

Ans. The first $ 30, the second 9 70. 

8. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes } ; but 
the denominator being doubled, and "the numerator increased 
by 2, the value becomes f ? Ans. ^« 

9. A wine merchant has two kinds of wine.. If he mix 3 
galloM of the worst with 5 of the best, the mixture is worth 
9 1 per gallon ; but, if he mix 3j^ gallons of the worst with 
8| gallons of the best, the mixture is worth 9 l|03i per 
gallon. What does each wine cost per gallon t 

Ans. The best 9 1,12, the worst 90,80. 

10. A wine merchant has two kinds of wine.. If he mix 
m galtons of the first with b gaUons of the second, the mix- 
ItHe is worth c dollars per gallon ; but, if he mix a' gallons 
of the first with ^ gallons of the second, the mixture is 
worth c' dollars per gallon. What does each wine cost per 
gallon 1 
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Ans. The fim ULt^^^^LZ^^f^^ MU». ik, 
,ec^ (a+*ra'c-(aH-ft')«^ ^^ 

1 1. Three masons, A^ B,C, veto baild a wall. i4 and 
B, jointly, coald build this wall in 12 days; B and C could 
accomplish it in 20 days ; A and C would do it in 15 daya. 
What time would each take to do it alone t 

An$. A requires 20, £ 30, C 60 days. 

12. Three laborers are employed in a certain work. A 

and B would, together, complete it in a days ; A and C 

require b days; B and C require e days. In what time 

would each accomplish it singly t 

- . . 2abe , „ . 2ahc , 

Ans. A m t — j r days, B in r— , — i days, 

be-f-ac — ab '' bc-^-ab — ac 

^. 2abe , 

C m — r-r r- days. 

ab-j^ac-^be ' 

13. A cistern may be filled by three pipes, il, B, C By 
the pipes A and B, it could be filled in 70 minutes ; by the 
pipes A and C, in 84 minutes ; and by the pipes B and C, 
in 140 minutes. In what time would each pipe fill it? 

i4its. A in 105, B in 210, C in 420 minutes, 

14. il, £, C play faro. In the first game A has the 
bank, B and C stake the third part of their money, and 
win. In the second game B has the bank, A and C stake 
the third part of their money and also win. Then C takes 
the bank, A and B stake the third part of their money and 
also win. After this third game they count their money, 
and find that they have all the same sum of 64 ducats. 
How much had each when they began to play t 

Ans. A had 75, J3 63, C 54. 
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15. Fife friendb, A, B, C, D, E, jointly spend •879 at 
^BBL inn. This mm is to be paid bj <Hie of tbem ; but, on 
4son«altationy they find that none of them had, alone, enough 
lur this imrpose. If, then, one of them is to pay it, the 
others must gi?e him a part of their money. A can pay, 
if he receives one fourth ; £, if he receives one fifth ; C, if 
he receives one sixth ; JD, if he receives one seventh ; and 
JB, if he receives one eighth of the others' money. How 
much has each t 

iliis. it $319, B • 469, C $548, H tlSW^ £ • 6W. 

166* Third M^kod of solving the Problem of art^ 
142, called that of ElinUnation by the method of the 
greatest Common Divisor. 

Solution. This method is generally inapplicable to trans- 
cendental equations, but can be successfully applied in all 
other cases to eliminate one unknown quantity after an- 
other, until the given equations are reduced to one. 

In order to elimincUe an unknown quantity from 
two equations which contain it, reduce them as in 
arts. 105 and 118, and arrange their terms accord" 
ing to the powers of the quantity to be eliminated', 
taking out each power as a factor from the terms 
which contain it. 

It being now recollected that the second member of each 
of these equations is zero, it will appear evident that, if the 
first members are divided one by the other, the remainder 
arising from this division must likewise be equal to zero ; 
for this remainder is the difierence between the dividend 
and a certain multiple of the divisor, that is, between zero 
and a certain multiple of zero. 

9* 
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Hence J dhride one of these fret emembete bff the 
ef^etj and proeeedj as in arts^ 69, ^^ l9 Jind iheSt 
greatest common divisor ; eaieh sueeesshe rema in d er 
may be placed equal to xero. But a remainder wtH 
at last be obtained^ which does not contain the yuan" 
aty to be eliminated J and the equation, formed from 
placing this remainder equal to sfsrOf is the equation 
from which this quantity is eliminated^ 

By eU s m k miing ^ m this way^ the unknown qmn^ 
Oty from either of the equations which contain it^ 
taken with each ef the others^ a number of equations 
is formed one less than that of the given equations^ 
and containing one less unknown qumUUy ; and to 
which this process of elimination may be again op- 
pliod until one equation is finally obtained 

166. Scholium. It sometimes happens, that the 
first members have a conmion divisor which contain 
the given unknown quantity ; and, in this case, the 
process cannot be continued beyond this divisor. 

But as the gi?en first members are multiples of their com- 
mon divisor, they mast be rendered equal to zero by those 
ralues of the unknown qaanttties which render the eom* 
mon divisor equal to zero ; that is, the two given eqvatioM 
are satisfied by such values of the unknown quantities; 
so that« though thej are in appearance distinct equations^ 
they are, io reality, equivalent to hut one equation^ that is^ 
to the equation formed by placing their common divisor 
equal to zero. 

157. Scholium. Care must be taken that no fiic- 
tor be suppressed which may be equal to zero. 
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158. XXAMPLXS. 

1. ObUin one equalioD with pne onknown qaantity ftooi 
tbe two eqaatioiM 

x' + y** — y»+5i=0, 

SebtHmi. Drnde the first members as AUeas* 



«' + y«» — y» + 6 



^ + 3^^-^ 



1st Rem. yx« — y««_y»4-10. 

Divide the precediqg diTisor by this remainder after mol* 
tiplying by y to render the first term diFisible. 

y«l-fy»«— i5y j yg^— y^»— y>4-l» 

yx3— yajJ— yg-f 10z| irf7 ^ 

y«x« + (2y3— I6)x — 6y 
y«jea— y3 g — y^-^lOjf 

SEdRem. (3yS— 10)« + y4— 15y. 

DiTide the preceding divisor by this remainder after moU 
^yang by (9 y^ — 10) to render the first term divisibie. 
ya8 — y«x— y3+10 

8y» — 10 

3y»|«+ y* 



3y» 

— 10 

3y3 

-*10 



ya^— 3y* 
+ 10y« 

yx8+ yfi 
~16y» 



J.— 3y«— 100 
+ 40 y3 



yx, — 4y» 
+25 y> 

g— 3y« — 100 Multiply by 



— 101 — 15y 



— 4«« 

+25y« +40y3 

3y3— 10 



(3y3-10), 



(3y»— 10) (— 4y6+26y*) «— 0y»+150y«— 700y8+10b0 
(8y»_10)(— 4y«+85y»)r— 4y»+ 85y«-376y3 



— 6y» + OS y« — 326 y3 +1000, 
whence the required equation is 

— 5y»+65y«— 32$ y»+ 1000 = 0. 
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5. ObUiQ one eqaatioD with one nnknowa quantitj ftom 

«* + ** = «• 
«» + y» = 5, 

by the dimuiatioii of s. 

Am. (^ — «)»—(y« — 6)» = a 

3. Obtain one equation with one unknown quantity from 
the two equations 

jj« + y« = 2. 

*« + x»y + x«y« + «y» + y< = l, 

by the elimination of x. 

4» Obtain one equation with one unknown quantity from 
the two equations 

t» + y» = 0, 

by the elimination of %. 

Am. 4y« — 6y*+3y«— 1=§. 

6. Obtain one equation with one unknown quantity from 
the two equations 

«3 + 3rx" + x-fy = 4, 
ar^ -j- x* 4* y * = 3, 

oy the elimination of x. 

Ans. Eithery— 1 = 0, ory*— 3y + 21 = 0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

« + y + « = «, 

xyz=ze, 
by the elimination of x and y. 

Ans. x' — ax'-f 6x— c-=0. 



— » •>— — - 
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7. Obtain one eqaation with one unknown quuititj firom 
the three equations 

xa + y« + «« = 6, 

by the dimination of z and y. 

Ans, These three equations involve an impossibility 

unless 

oi — &— 2cs=Q; 

and ia case this equation is satisfied by the given vidues 
of a, bf and e^ the three given equations are Equivalent 
to but two, one of them being superfluous,, and, by the 
dimination of x, they give the indeterminate equation 
with two unknown quantities 

!(■ + !f« + «* — «»-—«» + «*= 0. 

8. Obtain one equation with one unknown quantity firom 
the three equatbns 

» + S« = 4, 
y + 2^^2, 
« -f. s8 » 10, 

by the eKmination of s and y, 

Ans. 28_82«-f 16t«+« — lOsO. 

9. Obtain one equation with one unknown quantity from 
the four equations 

xy'\-xz'{'xu + yx'\'yu'^zu=:b^ 
xyZ'\'%yu-\'XzU'^ytus=e^ 
xyzu = ef 

by the elimination of x, y^ and z. 
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Elimination by Addition and SnbtraetioB. 

10. Sdtft tho two 6(iattioii8 

AJblMii. The diiDinatioii of % giFOs 

Sy — 3 = 0^ory«=l; 

which, heing sabstHoted in the first of the gifen eqaatioiis 
produces « ^ S. 

11. Solfe the two eyietinas 
<>i~4y+4)# _^ 18 

i ^-7^ 

IS. Solfe the three eqaaliDM 

«y* + ^»— 2*+'«=fi• 
169. Problem. To sohe tmo equations of the first 
degree by Elitninatien by Addition and Subtraction. 

Sobttiem. The given equations mwf, em tn art 146, be 
H'<lineil to fh fi i ffyffw 

if' X + -8' y 4" * — •• 
The process of the preceding article, being applied to 
these equations in order to •dimiirate x, mU te found to be 
the same as to 

Multiply the first equation by A' the coefficient of 
^ in the secondj multiply the second by A the oo- 
efficient of z in the first, and subtract the first ef 
these products from the second. 



Ctt. III. ^ I?.] EQUATIONS OF THB FIRST DKGRBB. 107 

Examples of Elimination bj Addition and Sablraetion. 

ThiUy these products are 

AA'z+A'By + A'M^O. 

AA'x+AB'y + AlP^Oi 

and the difference is 

(A B' — A' B) y + A M' — A' M^O; 

whence 

A' M-r A iP 
^^ AB-^A'B' 

In the same way y might ha?e been eliminated by mnhH 
plyiffg the fint equation by B^ and the second by B, and 
the difference of these products is 

(i4 JB' — i4' iS) X 4- JB' Jf — B if' — ; 

whence 

_ ^BM' — BM 

the Talues of x and y thus obtained being the same as those 
given in art 146. • 

160. CoToUaty. This process may be applied with 
the same &eility to any equations of the first degree. 



161. EXUfPLES. 

L Solve, by the preceding process, the two equations 

13 ar 4- 7 y — 34 1 = 7jJ y -f 43i «, 
2* + Jy = l. 

An$. jr«9 — 12,y = 50. 

« 

S. Sotve, by the preceding prooeai, the two eqaatiom 

** + *» = «. 
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CsMBplot of Eliminatioa bj Addition sod Sabtractioii. 

8. Sol?e, by the preceding process, Ihe three equations 

»+ Jf+ «r=30. 

4. Solve, by tbe preceding process, the three equatioiis 

3s— 100=5y + d60, 
2^jr4-a00= 16^2 — 610, 
3y4.8s = 54a 

Ans. JT rsdeO, y rs ld4, z s 180. 

6. Solve, by the preceding process, the four equations 

s_9y f 3s — 1011 = 21, 
2» + 7j— z— ii=:663, 
3x4- ^-|-6z+2«s:105, 
4x_6y — 2s— 9 11 = 516. 

iliu. s = 100, y= 00, s=: — 13, ti=--fiO. 

8i Solve, by the preceding process, the four equations 

i« + iy + ?« = ». 
t« + *S + i« = TO. 

ifii5. jr = 12, y — 30, s= 168, tisfia 

7. Solve, by the preceding process, the six equations 

% + y + z + i + ^ = 2St, 

s4-« + '«-f'4-«' = 24, 
3f4"*"J~'' + * + *^ = 25. 

i4ii5. «=2, y^=3, 2 = 4, « = 5, r = 6, i0aK7. 



C». 111. ^ IT.] BQUATIONS or TBI FIRBT DVORBB. M9 

EzamplM of ElimiaclMB bj Additioa ud Sobtraction. 

8. A pencMi haa two large piecea of iron whoae weight ia 
reqaired. It ia known that ftha of the firat piece weigh 
961b8. leaa than ftha of the other piece ; and that ftha of 
the other piece weigh exactly aa much aa |tha of the firat. 
How much did each of theae piecea weigh f 

Ans. The firat weighed 720, and the aecond 513 Iba. 

9. $2652 are to be divided amongat three regimental in 
auch a way, that each man of that regiment which fought 
beat, ahall receive 91, and the remainder ia to be divided 
equally among the men of the other two regimenta. Were 
the dollar adjudged to each man in the firat regiment, then 
each man of the two remaining regimenta would receive 
9i; if the dollar were adjudged to the aecond regiment, 
then each man of the other two regimenta would receive 
$i ; finally, if the dollar were adjudged to the third regi- 
ment, each man of the other two regimenta would receife 
$ ^. What ia the number of men in each regiment? 

Ans. 780 men in the firat, 1716 in the aecond, and 

2028 in the third regiment 

10. To find three numbera auch that if 6 be added to 

the firat and aecond, the auma are to one another aa 2 : 3 ; 

if 5 be added to the firat and third, the auma are aa 7 : 11; 

but if 96 be aubtracted from the aecond and third, the re- 

maindera are aa 6 : 7. 

Ans. 30, 48, 50. 
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NOMBRICAL BQDATIOtNS. 
SECTION L 



in. Tkmrmi J(f a polffmmnial 

A + Bx+Cs^ + Ds^+E^ + Ac. 

i$ mickf 09 io be equal te zero independently 0f %% 
thmt ie^ if U ie equal io zero wMaiever vakkee «ra 
given ieXfii must alwaijfe he thM caee that 

il = 0, Bs=0, C = 0, £> = 0, -K = 0, &c.; 

thai is, thai the aggregate of all the ooqfidente of 
each power ofxis equal to zero, and also the c^gre- 
gate of all the terms which do tpot contain z is equal 
to zero. 

Proof. Sinee the equation 

A + Bx + Csfl + l>«'4-&c. = 

18 true for every value which can be given to «^ it most be 
tme when we make 

x = 0; 

in which caie all the terms of the first member vanish ex 
cept the first, and we have 

il = 0. 
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Indetenniiiata CoelBcieBti. 



08 equatiooy being subtracted from tbe giTen equation, 
gives 

and, dividing by x, 

wlieace we maj prove as above, that 

B=zO. 
Bf CODlJouiiiji this process, we pan piove that 

C= 0, Z> ^ 0, £ s:0, 4m. 
163. Theorem. If two palynonUale 

A+B'x + Cx^ + D'x' + E'x^ + ^M. 

gfe idenUcal^ iked ie, equals independmUl^ of x^ 
m$*st ahDoye be the case that 

A^A!,B = B',C^C',DT^D',iLc. 

Prorf. For the equation 
Ar^Bs+Cx^^&.^.szA'+B'X'J^Oifi'^'iLC 
gt?es, bj transposition, 

(A — A') + {B — B')x + {C—O)tfi + &.c=z0i 
whence^ by the preceding theorem, 

it— il'=0,B— B' = 0,C-.C'=0,&c.; 

A=:A', B = B', 0= a, &c. 
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A Fanctioo ; its Variable, and Rate of Change. 

SECTION n. 

DeriTBtion. 

164. DefinUum. When quantities aie so connect* 
ed that their values are dependent upon each other, 
each is said to be a function of the others : which 
are called variables when they are supposed to be 
changeable in their values, and constants when th^y 
are supposed to be unchangeable. 

Thus if y = a dP 4- 6 

jf IS a fanctHHi of the a, 6, and z ; but if % is variable while 
a and h are constant, it is more asaal to regard y as simplj 
a ibnction of %, 

166. Definition. In the case of a change in the 
ralue of a function, arising from an infinitely small 
change in the value of one of its variables, the rela- 
tive rate of change of the function and the variable^ 
that is, the ratio of the change in the value of the 
function to that m the value of the variable, is called 
the derivative of the function. 

The. derivative of the derivative of a function is 
called the second derivative of the function ; the de- 
rivative of the second derivative is called the third 
derivative ; and so on. 

166. Corollary. The derivative of a consMni is 

zero. 

» 

167. Corollary. The derivative of the variable^ 
regarded as a function of itself, is unity ; and the 
second derivative is zero. 
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TIm Denfmiive of the nun of any Fvnctioot. 



16a Theorem. The derwoHve of the mm of two 
JuncHona is the sum of their dertoaHves. 

Proof Let Ihe two fiinetions be u and «, and lei their 
values, ariaing from an infiniteaiinal change t in the value 
i>f their variable, be yf and v' ; the increase of their aoin 
will be 

or 

•i' — « + e* — », 

and therefore the derivative of the anin is 

«' — If j^tT'— » 



ft' 



which is obviously the sum of their derivatives. 

169. Corollary. By reversing the sign of v, it 
may be shown, in the same way, that the derivative 
of the difference of two fiinctions is the difference of 
their derivaiiees. 

170. Corollary. The derivative of the algebraic 
sum of several Junctions connected by the signs -f* 
and — is the algebraic sum of their derivatives, 

171. Corollary. If, in this sum, any function is 
repeated any nmnber of times, its derivative must be 
repeated the same number of times ; in other words, 
if a function is multiplied by a constant its deriva- 
tive must be multiplied by the same constant. 

ThuD, if the derivatives of u, o, and w are respectively 
U, Vf and TF, and if a, b, c, and e are constant, the deriv- 
ative of 

a U+b V^eW. 

10* 
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Tbe Derftttive of a Power. 

ITS. Problem. T\^ find ih^ dertvaihe of any 
power of a vmriable. 

Sbbdion. Let the ^ariaMe be a nni tiie power ^, and 
let 6 difbr idfiiiilely little from a; the derivatwe of dP is 
then ^^— IIP 

b — a • 

Now when b is equal to a, the valae of this quotient is^ 
by art 51, ii4»~i; 

atfd this must differ from the present value of this quotient, 
by an infinitely small quantity, which being neglected gives 

for the derivffiiff qf flf. 

Tho derivative qf any power of a variable is, 
thertfore, found bff multiplying by the exponent^ and 
diminishing the exponent bj/ unity. 

173. Corollary. The derivative of m i^ when m is oon- 
stant and a variable is n m a*^^. 

174. Problem. To find the dernfoHve of any 
power ef a function. 

Stdutien. Let the variable be a, the function «, and the 
power II** ; Jet & differ infinitely httle from a, and let v be 
the corresponding value of « ; if 17 is the derivative of u 
and IP that of ti*, we have 

IP = . , and U= -T . 

b — a b — a 

But, by art 51, 

^ — ^ ^-.1 

V — u 

vhieh multiplied by 

17— In? 
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The Derivali^ cf a F^m^t, 



giTM 



IP = . £ = -r = 11 •!•-* If. 



7%e derivaiiv0 ^ mn^ pmm^ ftf u Jmrtim $9$ 
therefore^ found by multiplying by the exponent and 
by the derivative of the Junction, and diminishing 
the exponent by unity* 



175. KXAMPLKS. 

Find the deri? atWes of the following fanctions in which 
« 18 the Tariable. 

1. A Aim. S«. 

2. 7?. Ans. 3 A 

Ans» «x»"*-J-iiia«*~^ -|-p6x^"*-|-&c. 

Ans. B+2ex-f-3i>a;«-|-4Ex5+6Fx<-|-&c.; 

6. a-^-x, Ans, 1. 

6. (a + ai)«. Am. 8<« + r). 

- 7. (/I + x)3. iiiM. 3 (a + «)«. 

a (a + «)». iliM. « (a + «)»-». 

9. (a + & or)^. ilii5. 2b{a + bx). 

10 (a 4- 6 x)**. iliM. nh^a-^b xy^K 

176. Problem. To find the derivative of the pro- 
duct of two functions. 

Solution. Let u and v be the functions, and U and V 
their derivatifea ; then, since the derivative is the rate of 
change of the function to tliat of the variable, it is evident 



n 
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Th« Derivattva of • Product 



that wheo the ?ariaUe is increased bj the infinitesimal t« 
that the fiinetioDS will become 

u+Vi •ndv+ Ft. 

The prodoel wU therefore change from 

tl V 

to 

and the increase of the product is 

vUi + uVi+UVfl; 
the ratio of which to t is 

vU+uV+UVi, 
or, negleetaog the infinitesimal CT Ft, it is 

»£^+iiF; 

that is, the derivative of a product of two Junctions 
is equal to the sum of the two products obtained by 
multiplying each function by the derivative of the 
other function. 

177. OsrdOary. The derivatife of 

(« — a)» V 
is, then, 

It («— a)«-i p + {x — a)* F, 

because the deriTative of 
is 
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Solatioa of Nsmerieal Eqaatiooi. 



SECTION m. 

Namertoal Eqvatioiii. 

178. Definition. A numerical equation is one all 
whose coefficients are given in numbers, so that it 
involves no literal expressions except those denoting 
the unknown quantities. 

179. Probiem. To eohe a numerical efuaHon* 

Solution. Let the equation be reduced as in arts. 
106 and 118, to the form 

Find by trial a value of the unknown quantity x 
which nearly satisfies this equation^ and let this 
value be B,; substitute this value in the given equa* 
tunij and let the corresponding value of u be m, A 
correction e in the value of a is then to be founds 
which shall reduce the value of u from m to zero. 
Now, if JJ is the derivative of u, and if M is the 
value of U which corresponds to 

X =s a, 

M is, by art. 166, the rate at which u changes in 
comparison with ar, so that when 

X ^^i a '\' e 
and therefore 




m I m ol I 

By this means a value of x is found which is not 



118 ALGBBRA* [OB. IV. § 111 

Hate ttf ApptozilDatiM. 

per/ecUff accurate^ because M is not the rate at 
which u varies during the whole interval from 

jr = a to jr = a-f-0> 
but only while x differs infinitely little from a. 

Callings therefore^ a! this approximate value of x, 
w have . m 

i^AtcA may be used in the same way in which a imut, 
m inkr <^ jbirf « new eepprexima^ vahte al'afx; 
and if w! and M' denote the corresponding values of 
u and U, we shall have 

a =sfc a *'■"** "Ts* 
ilf 

/n the same way^ may the approximation be tonr 

Hnued to any degree of accuracy. 

180. Problem. To determine the rate of approxp- 
motion in the preceding solution. 

Sehdiom. Tbts is a most isapoitBiity praetieftl poiAt, eoA 
Iks detsrmiaaEiioa of it will be foond t6 facHkat* lUs 
solution. 

Now, it may be observed, that since e is the correction 

of a, its magnitude shows the degree of accuracj which 

MoDgs to ft, tnd the aoboracy of e is, obviensly, the same 

with that of 

a' = a -|- e. 

The comparative accuracy of the approximate value of a, 

and the succeeding approximate value of, is, then, the same 

with the magnitude of e compared with the error of e. 

Now, in d et er uihiii i g e, M was supposed to be the rate 

at which u changed throughout the whole interval in the 

bhAnge ttf i freui a to n 4- c But if th« nfte of efiatt^ of 
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Rita ttf ApproiioMtimi. 



M is denotea bj N. that is, if A^ is tke derivatife of JT, the 
Tsloe of If, at the end of this intervil when « li a-f^, muil 
be incieaaed to 

Jf + iVf. 

In the middk of the bter? al when « is a 4- } #, the ^aloe 
of Jf b 

which may be regarded as the a?erage value of the rate aX 
eV iweipease, throaghoet the intenral. When *| therefiM, 
m^€^ n beeomes 



whenee by transposition and division 

— m N . 

which differs from 

m 

by Um terei 

which may, therefore, be tegarded as the error of e; and its 
comparison with e gives the rate of approximation. 

181. Corollary. If the value of a ie accurate io 
a given plaee of decintaUj as the gth^ this will be' 
shown by the magnitude of e, for we shall find 

*<-rjF' 

and, consequently. 



10»»' 
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Rate of Approiiiulioa. 

ffalsQ the value of ^^ is foynd to be suck that 

then Um intccuraey of ^ or of a' is 

N ^^ 1 



2M ^ 10»f +*• 

ihai iu^ dl i$ accurate to the (2 g -^ k)th place tf 
dedmab and the division of m bfT/L mag be carried 
to this extent. 

182. Corollary. When the given equation has 
the form 

in which A is a gvvea number, it may be brought to 

the form 

u — A = 0, 

so that the value of the final member when 

xsssa 

18 

m — hf 

while the value of the derivative is Af, because h 
does not vary, and, theref(»e, 

ffi- — A A*— ffi- 

which is often a more convenient form in proetiee 
than that of art. 179. 
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SolQtioB of NvDMrical £qMlioM. 



183. EXAMPLES. 

1. Solve the equation 

a* — 8«=s— 1, 

which has three roots, the first being nearly 3, the seeond 
nearly 0, and the third nearly — 2. 

SobUion, This equation, compared with arts. 179- 182, 

gives 

» = x3 — 3x, A= — 1, 

U=Bx^ — 3; deriv. of U=6x. 
Hence, if 

a = 2, 

m = 8 — 6 = 2, 11=12—3 = 9, iV= 12, 

s = ^ = =^^ = -l= -3,^ = 0, 

a' = a4-e = 2— 0*3 = 1-7, 

A — «' = - -813, if' = 5-e7, 

tf= — '16, g'=zO,af= 1-66, 

A — »''= —0-073875, Jf' = 4*2075, 

«" = — -018, ^' = 1, «" = 1-632, 

h — m'« = 0000359232, Jf'" = 4-041072, 

«"' = 0*00008889, ^" = 4, a'" = 1-53208880, 

which is accarate to 2 ^" = 8 places of decimals. 

This process may be arranged in the following form, in 

the first cohimn of which, h is placed at the top, and the 

snccessive raloes of — m above each horizontal line with 

those of A — m below it. In the second colamn are placed 

the snccessive values of the divisor M. In the third column 

the first approximation a is placed at the top of the table, 

II 
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SelBti«n of Nomerical EqpMtioM. 



and the saecessive valaes of e, abo?e eaeh line with those 
of a -f- « below it. 






A— m.— 3* 

0187 



—0-813 
0-026125 



—0073875 
1000359232 



0000350232 



9- 

6-67 
4-2075 
4-041072 



2- 
— 0-3 



1-7 
—015 






155 
— 0018 



1-532 
0-00008S89 



1-53208889 

In the same way may the second and third roots be 
found, as follows. 



When 



X = 0-3, 



2 if ""546' * "• 



— 1 
0- 



— 1- 
0-873 



—0-127 
0980696 



0019304 
— 1-000009615 183 

0-000009615183 



-3-. 
—273 
—2-6582 
^263814813 



0- 
0-8 



03 
0-04 



0-34 
0-0073 



03473 
—00000036446 



The second root = 0-3472963554 

N 2 

When «=-2, 5-=.= — -, * = 0. 



2if 



— 1- 
2- 



1- 
1-159 



0159 
1-004672 



0004672 



9- 

7-83 
7-6032 



— 2- 
' 0-1 



— 1-9 
0-02 



.1-88 
0-000614 



The third root = —18793^ 
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SolatioB of NttOMrical Equtioot. 

3. Solve the equation 

which has a lool aetrly equal to -^ & 

Ans. —5*87206906. 

3. Solve the equation 

jr4_|.8t»+l6»=:440, 
whioh haa two rootSi the first being nearly 4 and the aeoond 
nearly —4. Ans. 3*97601 and — 4-350577. 

4. Solve the equation 

2x< — 20« = — 19, 
which has two roots, the first being nearly 1, and the second 
nearly 2. Ans. 1*0928 and 1*59407. 

5. Solve the equation 

6i« — 6«=— 2, 
which has three roots, the first being nearly I , the second 
nearly 0, and the third nearly — 1 . 

Ans. 0856, 03785, —1*2345. 

184. Problem. To find any root of a number. 

SohUion. If the required root is the nth root of the num- 
ber hf this problem is equivalent to solving the equation 

so that, if the preceding solution is applied to this casCi we 

have 

tt =: «», C7= ft «*""^ 

185. CoroUary. When z = a, ^ 

« = «», if=iifl»-i, iV=ii(>t — l)a»-« 

N _ n(n — l)a*-g _ n — 1 
2if "~ 2«a«-i ■" 2a ' 

186. OorolUiry. It may be observed, since 

(10*«)*:^10**s"; 
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Extreetioa of Roots. 

■0 that if, 

« < 10, 

10»€< 10*+i, (10* e)» <!«•»+" ; 
and if 

ia*e>10*, (10*«)«>10^*; 

that is, if the root is between 10* and 10*+^ the nth power 
is between 10** and 10**+*; or, otherwise, if the left hand 
significant figure of the root is 6 places from the decimal 
point, that of the power must be as many as 6 times n 
places from this point, and less than 6-|-l times ii places 
from it ; which, combined with the preceding articles, gives 
the following rule for finding the root of a number. 

Divide the given number into portions or periods 
beginning with the decimal point, and let each per- 
Hon or period contain^ the number of plac^ denoted 
by the exponent of the power. 

Find the greatest integral power contained in the 
left hand period ; and the root of this power is the 
left hand figure of the require4 root, and is just as 
many places distant from the decimal point as the 
corresponding period is removed by periods from 
this point 

Raise the approximate root thus found to the given 
power and subtract it from the giv&n number, and 
leave the remainder as a dividend. 

Raise, again, this approximate root to the power 
next inferior to the given power, and multiply it by 
the exponent of the given power for a divisor. 

The quotient of the dividend by the divisor gives 
the next figure or figures of the root. 



OM. n. § III.] NUMBRICAL KQUATtONl. IM 

fixtiietioB of Roots. 

The new approximaie root, thus found, is to be 
used in the same vfaf/or a new approximation. 

The number of places to which each division may 
usuaUy be carried, is so far as to want but one place 
of doubling the number of places, to which the pre* 
ceding approxknatien was found to be €uxurate. 



186. ExaiPLES. 

1. Find the fourth root o( 

5327012345-641. 

Sobiiion, In the following solution, the columns are the 
same as the first and second columns in art. 183, except 
that the top number of the second column is the root which 
is separated by space into the parts obtained by each suc- 
cessiYe division, and the number at the top of the first 
column is divided by spaces into periods. 

2 T 016 

32000000 

78732000 

Ans. 270*16. 

2. Find the 4th root of 79502005521. Ans. 631. 

3. Find the 3d root of 75686967. Ans. 423. 

4. Find the 3d root of 128787625. Ans. 505. 

5. Find the 3d root of 20548344701. Ans. 5901. 

6. Find the 3d root of 512768384064. iiii5. 8004. 

7. Find the 3d root of 524581674-625. Ans. 806-5. 

* Thii figure mnit, in the present caie, be found by trial, beeaoee th« 
fint quotient is so inaccnrate. 



63 
16 


2701 


2345- 


641 


37 
53 


2701 
1441 


2345- 


641 




1260 


2345- 


641 
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a Fuid the dd rool of lWI34M00h Am. IMTl. 

9. Piiid the 3d root of 0*766068l»l. Am. Mil. 

10. Find the 3d root of 0^000(1084499(1. Am. 0*0151. 

11. Find the 5th root of 416«mQd0ftl. Am. 31L 
19. Find the 4th root of 75450766*33761 Am. 9M. 

13. Find the 5th root of OHKXN>lGe5068156]. 

Am. 0111. 

14. Find the 4th root of 2596*88187761. Am. 7*09. 

15. Find the 3d root of 12. Am. 2*289+. 

16. Find the 3d root of 28'a& Am. 3^45 +. 

187. Corollary. The roots of firactions can be 
found by reducing them to their lowest terms, and 
extracting the roots of their numerators and denomi- 
nators separately. 

The roots of mixed numbers can be found by 
reducing them to improper fractions. 

188. WXAMThKn. 

1. Find the 3d root of ||. iifis. f . 

S. Find the 3d root of UiH- ^^' H- 

9. Fiad the 3d root <^ ^y^. Am. ^ 

4. Find the 3d root of 6ff}^. Am. l|f. 

5, Find the 4th root of 3^. Am. 1^. 

189. Corollary. In the case of the square roof, 

we have 

M«=aF», I7=2a?, 

and, smce the square of a -|- A is 
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The Sqaara Root of Nanben. 

(a + *)» = a» + 2aA + A« = o» + (2a + A)A 

it is unnecessary to find the square of the whole root 
at each saccessive approximation ; for the square of 
a being already subtracted, it is sufficient to subtract 
(2 a -f- A) A from the remainder, in order to obtain 
the next remainder. In this way, we obtain the fol- 
lowing rule for the extraction of the square root. 

To extrckct the square root of a number ^ divide it 
into periods of t%oo figures ecu^h, beginning with the 
place of units. 

Find the greatest square contained in the left 
hand period^ and its root is the left hand Jiffure of 
the required root 

Subtract the square of the root thus found from 
the left hand period^ and to the remainder bring 
down the second period for a dividend. 

Double the root far a divisor j and the quotient of 
the dividend exclusive of its right hand figure ^ di' 
vided by the divisor, is the next figure of the required 
root ; which figure is also to be placed at the right 
of the divisor. 

Muliiplf the divisor, thus augmented, by the last 
figure of the root, subtract the product from the 
dividend, and to the remainder bring down the next 
period for a new dividend. 

Double the root now found for a new divisor and 
continue the operation as before, until all the periods 
are braugftt down. 



198 
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TIm Sqaue Root of Nwnbera. 



190. SXAMFLKS. 

1. Find the square root of 28111304. 

Sohaiim. The operatioo is as follows- 

38111904 53QB = iliif. 
25 

103 Ist 



1st Rem. 311 
309 



9d Rem. 212 1 10 6 2d 

10602 3d DiTisor. 



3d Rem. 



21204 
21204 



4th Rem. 0. 

9. Find the square root of 61009. Ans. 247 

3. Find the square root of 57198969. iliif. 7563. 

4. F4nd the sqnsre root of 1607448649. Ans. 4000a 

5. Find the square root of 48303584*206084. 

Ans. 6950078. 

6. Find the square root of 0-000256. 

7. Find the square root of §^. 

8. Find the square root of If. 

9. Find the square root of 5. 

10. Find the square root of 101. 

11. Find the square root of O-O. 
13. Find the square root of 0-003. 

13. Find the square root of 10. 

14. Find the square root of 1000. 



Ans. 0-016. 

ilfl5. If. 

Ans. 1^. 

Ans. 2-236-}-. 

Ans. 10049 -f. 

Ans. 3-008 -[-. 

Ans. 0K)5477-f-. 

Ans. 316227-}-. 

Ans. 31-6227-}-. 



191. Corollary. The roots of vulgar fractions and 
mixed numbers may be computed in decimals by 
first reducing them to decimals. 
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The Square lUoC of Nttmbcn. 



192. EXAMPLES. 

1. Find the square root of ^ to 4 places of deeimab. 

Ans. 0-2^6 -f-. 

8. Find the square root pf ^^ to 3 places of decimals. 

Ans. 0-646 -f-. 

S. Find the square root of If to 2 places of decimals. 

Ans. l*32-f-. 

4 Find the square root of 11|^ to 3 places of decimals. 

Ans. 3-418 + 

5. Find the 8d root of f to 3 places of decimals. 

Ans. 0*873 -|-« 
8. Find the 3d root of f to 3 places of decimals. 

Ans. 0-941 4-. 

7. Find the 3d root of 16f to 3 places of decimals. 

Ans. 2*503 -f. 
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Fomn of • MomndIiL 



CHAPTER T. 

FOWERS AND BOOTS. 
SECTION I. 

Powen wad Rooto of MoBoniils. 

193. Problem. To find any power of a mononUoL 

SobtHem. The rule of art. 28^ applied to tkia oaae, in 
which the (actors are aU equal, gives for the coefficient of 
the required power the same power of the given coeffioieiit, 
and for the exponent of each letter the given exponent 
added to itself as many times as there are units in the ex- 
ponent of the required power. Hence 

Raise the coeffideni of the given monomial to the 
required power ; and multiply each exponent by the 
exponent of the required power. 

194 Corollary. An even power of a negatiye 
quantity is, by art. 32, positive, and an odd power is 
negative. 

196. EXAMPLES. 

1. Find the third power of 2 o^ 6^ c Ans. Sufib^^A 

3. Find the mth power of «(*• Ans. O^ \ 

3. Find the — mth power of d». Ans. a~*». 

4. Find the mth power of a"*. Ans. a~*» 

5. Find the — mth power of a^*. Ans, uF *• 
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Root of t Monomial ; imaginary quantity. 



6. Find the 6th power of the 6th power of tfib c*. 

Ans. rtW^cW. 

7. Find the ^h power of the — jith power of the Mik 
power of a""*. Ans. a* • ^ «. 

8. Find the rth power of <^ 6~* e' «/. 

Ans. €r^b'^*^ef^d''. 

9. Find the— 3d power of a-« 63 c -*/•*""*• 

Ans. a«6-» «"/""«•• 

10. Find the 4th power of — ^5^7- ^^' 'WJTfi' 

a* 6) 

11. Find the — 2mth power of the — 1st power of —yjr. 

12. Find the 6th power of — 3 k>. iliif . — 32 a}^. 

13. Find the 4th power of —3 6-'. Ans 81 6-1^. 

14. Find the 6th power of the 4th power of the 3d power 
of — a. Ans. afi^. 

16. Find the — 6th power of the — 3d power of — a. 

Ans. — «w. 

16. Find the — 4th power of the —3d power of — j. 

ilJW. p|. 

196. To find any root of a monomial. 

Bohtion. ReTereing the role of art 198, we ohtam tm- 

Diediately the following rule. 

« 

Bxtract the required root of the coefficient; and 
divide each exponent by the exponent of the requited 
root. 
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Fnu:tional Espoaentt ; imtginary quantitie*. 



197. Corottarf. The odd root of a positiye quan- 
tity is, by art. 194, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign zk preceding it. But, 
since the even powers of ail quantities, whether 
positive or negative, are positive, the even rout of 
a negative quantity can be neither a positive quan- 
tity nor a negative quantity, and it is, as it is called, 
an imaginary quantity. 

198. Corollary. When the exponent of a letter 
is not exactly divisible by the exponent of the root 
to be extracted, a fractional exponent is obtained, 
which may consequently be used to represent the 
radical sign. 

199. XXAKPLBS* 

1. Find tbe sith root of tf"*. Am. tf^. 

9. Find the mth root of a"*" itiM. a-». 

a Find the square root of 9 a« Vf-^g-^\ 

Ans. d=3fl^6/-»^-<«. 

4. Find the 4th root of jg^lg^., Ans.^^^^^. 

5. Find the 9th root of — 8^ o^ Ifi. Am. — 2* o^ 6. 

6. Find the sith root of tf». • 

Am. tf*. 



I 1 



7. Find the srth root of -z* J^f^^ *;; = ^' 



<*" 
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Caleslw of RudiMli. 



aFindthemthrooiof^^. ^^^^^^l^^.i 



9. Find tbe 5tb rool of — o^. 

10. Find the aquare root of a, 

11. Find the 3d root of —a. 
13. Find the mth root of a. 



Ans. — 


.«». 


Am. 


«i 


Ans. — 


• a'. 


Ans. 


0«u 



200. Corollary. By taking oat — 1 as the fitctor 
of a negative quantity, of which an even root is to be 
extraoted, the root of each factor may be extracted 
separately. 

'^ 

201. EXAMPLES. 

1. Find the square root of — o^. Ans. a^ — 1. 

2. Fiad the 4th root of-o* fts ^ ^^ ^^^ ^_ ^ 
a Find the 8th root of —a. ^^ ai^_l 



SECTION IX. 
GdcalM of Radieal Qpnatitlet. 

202. Mo9t of the difficulties in the calculation of 
radieal quantities will be found td disappear if frae^ 
tional exponents are substituted for the radical signSj 
and if the rules, before given for exponents, are ap* 
plied to fractional exponents. 

In the results thus obtained, radical signs maf 
again be substituted for the fractional exponents ; 

IS 



1 
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EiunplM in the CilenlM af R«4ieal Qntntities. 



butf befall this substituihn is tnade^ the fracHonal 
exponents in each term should be reduced to a comr 
mon denominator^ in order that one rmdieml sign 
may be sufficient for each term. 

When numbers occur under the radical sign^ they 
should be sq>arated into their factors^ and the roots 
of these factors should be extracted as far as pos- 
sible. 

FracHonal exponents greater than unity should 
often be reduced to mixed numhers* 

203. BXAKPLBS. 

]. Add together 7^54^6»c^ and 3^16a96$cS 
8ohttion. We ha?e 

zs:2l.2^.ab^^^e = 2l.^abb^e 

8 ^ 16 ii» i«i« = 8 v'«*^**<? = 8. 2*. a»*c 

=£8.2.2^aft&^c = 6ar6cv'2i», 
whence 

7^6Atfib^ifi+^^l%^b^^:=z9labe^2V^^abe^2» 

=:27a6c^26». 

2* From the earn of v^24 and v^54 subtract v^O. 

Ans. 4 ^6. 

8. From the sum of ^45«? and y/6c?c sabtract ^80^ 

Ans. (a — c) v^5e. 
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Ei—ptoi Ib tlM Cdoilat of Ridtod <|MUilltiM. 



4. Find the contioued [Nrodact of ^ a, ^ b, and ^ c. 

m 

Ans. ^abc. 



& Find Ibe eontinned prodiiol of « y^ «, 6 Vjr, c ^ s. 

6. Mnltipaye^a by 6^ a. i4fi5. ahc. 

T. MoltipKy V« by v'a. -Aiu. v'«^=« • 

& Moltii^y ^a by v'a. An$.a^^ =y/t^-^\ 
9. Ifaltiply ^i^ by Va». iliw. a**=3i^vrf. 

lOt Find tke continned product of a^^^ a*» a"* •• 

11. Multiply *-«t/a-» by a*6*c 



iins. a" 0"* c = -J- v'' ™ 

18. Multiply 8 ^v' 6 by 2— V6. iiw. 1 — \/«. 

14 Midtiply 7+2^6 by 9— Syd. 

iliM. 8— 17\/d. 

16 MuhiplylS— V6 l]^7•f3^/6. 

iln». 78 -f- SB V fi- 
le. Multiply }+fV* by J— 7Vi. 

17. Multiply — 6— Vf bf — S+V"!- -*»"• 24f 
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ExunplM in tiM Cakmlw df lUdictl QmstitiM. 

18. Moltiply 9 -1-2 V 10 by 9—2 v^ 10. Ans. 4L 

19. Maltiplj 2v8 + 3\/5 — 7v 2b7 V72— 6V20 
— 2^2. iliw. — 174+42v^ia 

20. Mttltiply a-f-V&bya — V6. i4fM. fl^ — &» 

21. Multiply \/ a •^"V^ by v^ — V^* '^"'- ^ — ^• 

22. Multiply \/«+«V* by\/a — e\/b. ^ 

Ans. a— e^V^- 

28. Multiply \/«'+V***>JV«^ — V**- 



24. Divide C^^ by V' 6. 




25. Divide a hj x^a. 


illM. V<b 


26. Divide 2ai»cS by A^tfhi^d. 


4 . %*•«• 


s • 

27. Dividev^fl^^eby v^ni^A 


^"'•* jtc«* 


98. DWide ^1 by ^f 


^~- -^T 


m L 


■if—y 


29. Divide <g" by tif. 


4fM. a •< . 



90. Divide ea^ by da^. Ant. .12 • 

81. Divide J 6* by a-* ft-* c. ^^ o^yy 

98. DiWde fit*! by £1?^ ^«,. «^ »** «* 



*rf» 6?c d^ 
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To free an EqoatUm from Radical Quantitiea. 

204 Problem. To free an eptaiionfrom radical 
quantiHes. 

First Method of Solution. Free the equation from 
fractions^ as in art. 112. 

Bring aU the terms multiplied by either of the 
radical quantities^ whether they contain other radi- 
cal quantities or notj to the first member ^ and M the 
other terms to the second member of the equation. 
Raise both members of the equation to that power^ 
which is of the same degree with the root of the radi' 
cal factor of the first men^er^ and this radical factor 
will be made to disappear ; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may be made to dis- 
appear j and in most cases which occur in practice it 
will be found that the equation can* in this way^ be 
freed from radical quantities. 

205. EXAMPLES. 

1. Free the equation 

(« + «)*= (6+ ,)*-(«+«)* 
from radical quantities. 

Sobitum. The square of this equation is 

a + x=zb + x — 2{b + x)^{e + x)^^e+»; 
hence, by transposition, 

the square of which is 
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To free aa Equation fhHU Radical Qdantitiea. 

% Solve the eqottion 

m 

& Solve the equation 

6 (9« — 1)* =9 (121 «+4)*. 

Ami* Z3bL 

4 Solve the equation 

(16 + ««)* — 1 = 2. 

^R». 2 = 3. 

* 

& Solve the equation 

(21 -f 4 x)i = (3 + x)i + (8 + X)*. 

i4n5. z = 1* 

6. Free the equation 

(7+««)*=(* — 2)i + l 

from radical quantities. 

Ans. 4x9— 17sB-f 34«s=67. 

206. Scholium* There are cases, however, in which the 
preceding method of solution is inapplicahie on account of 
the new radical quantities which are introduced by raising 
the second member to the required power ; but in all cases 
the following method will be found successful. 

207. Second Method of solving the problem of art 
204. Place each of the radical quantities equal to 
some letter not before used in the equation, and raise 
the equations thus formed to that power which is of 
the same degree with the root of its radical qua?itity, 
and substitute in the given equation for each radi^ 
cal quantity the corresponding letter. If then, each 
letter, thus introduced, is considered to represent a 
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To ft<M an fiqutioB fimn iUdfteal fMMltiM. 

fiMff fininioira ftionliity, the nmo equatUmSj tku» 
firmed, are of the $ame number with that of their 
unknown quantities ; and, wince they are free from 
radical quanHtiee, all their unknown quaniiiiee but 
"one can be eliminated by the method of art. 155. 



20& XlAMPLKt. 

I. Free the equation 

(a;i4.x+l)*_(«« — » + l)*-l 
from radical quaotitiea. 

Sebaion. ?hco 

« = («» — » + l)*; 
whence 

y» = «• + I -f. 1, 

a^ = a^ -^ X -|- 1 1 

and the given equation becomes 

y — 2 = 1. 
If y and z are elininated between these three equations, 
the resulting equation is 

27jr«— 8«9 4-99 «s — 6z-f 28 = 0. 
2.* Free the equation 

(x-f.x8)*4.(l-f-xS)*=l 
from radical quantities. 

209. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
Bxprasaad by fractional exponents, may be reduced 
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To frM Ml Equation from Radical qaantitiea. 

to a c(»iimon denominator, and, if a letter is placed 
equal to tfiat root of this quantity, which is of a de- 
gree represented by the common denominator, these 
different radical quantities may be represented by the 
powers of this letter. 



210. EXAMPLES. 

h Free the equation 

(a+x)i+A (a+x)*+JB(a-f.«)*+C(a+ir)*=0 
.from radical qaantities. 

SokiiiaH. This equation becomes, by reducing all its 
firactional exponents to the same denominator, 

{a-f.«)A+ii(a+«)A+B(a+ar)«^+C(a+«)Az=0; 

.whence^ if we place 

y = (« + «)* or y» = o + x, 
we ha? e 

y* + ily» + By +C=0; 

the solution of which gifes the value of y, which, bemg 
substituted in 

x = yi» — a, 
(ires that of & 

2. Free the equation 

iifom radical quantities. 

Ans. From the equation y*-!-^*^^*^^^ obtain the 
value of y, and subBtitute it in a^ -)- z = y^. 
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TiMOfMn. 



8. Solve the equation 

(2« + 13)*=8(2«+13)*. 

Ans. xs=36& 
4 Solve the equation 

(6 + (3 + »)*)* = l+(8 + x)* 

Am. sss6. 



SECTION nL 

Powen of Polynooiialt. 

211. Problem. To find cmy power of a binomial 

^ Sohiiion. This power might be obtained directly by mul- 
tqrfication, but the operation is long and tedious, and can 
be avoided by a process invented by Newton. To obtain 
this process, let the given binomial be a 4- a:, let n be the 
exponent of the power, and let the product be arranged 
according to the powers of x, so that 

in which' the coefficients, A^ B, C, &c, are to be deter- 
mined ; none but positive integral powers of x are written in 
the second member, because the product could, evidently, 
give no others, and all the positive integral powers of x are 
induded, because the coefficients of any which are super- 
fluous must be found to vanish. 

Firsi. To find the vahte of A. Let 

xs=0 
and the development becomes 

a» = it. 
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SetmuUy. To Jimd the farm in mkkh a witm inU the 
devdopmmt. Let 

and let the corresponding yalot^ of eC^^ JB, C, dLC, be 
1, B\ Of dLC, and we have 

in whi«h A\ B\ C\ d^c, must be independent of a. The 
product of this equation by a*^ is 

d»(l+x')« = (ii+a*')» = tf»+JB'rf»»'+d«»a;f»+&c., 

in which, if we pat 

axfz=z%,oi «* = — , 
we have ^ 

«»»' = «••*«, o^x'^rs «•"•■«■, d&c, 
and 

(a-(-«)»=tf*+B'a^-»«+C<i*-«x«+/>'d*-3«34-&c. 

T^Vii^. 7\f Jfiul lAe coefficients. The derivative of 4ie 
last equation is, by examples 4 and 8 of art. 175, 

d&c, 
which, multiplied by (a-j-z), gives 

«(a-|-«)»z=B'a»-f-2ea»-i x-f3D' «•"« x«-|-4JB' «*-« «?+d«> 

+ B'i^ ia?4-2(?a»-«x«-f3l>d»-3«3+&c. 

The product of {a + x)* by n gives, also, 

it(ii4'T)* ==: n a»+ii B'o*-* x+a(?o*-«x»-fnl>'rf^ x»+&e. 

which, compared with the preceding equation, gives, by art. 
163, 

20 +B'=znB, or 20i^{n—l)B\ or 0=^(n—l)B'; 
8Z>'+2e=«e, 31>'=(ii— a)0, l>:=:t(ii— 2)<7; 
4jE;'+3I>'=ziiZ>', 4JB'3=(»— 3)I>', JB'= J(fi— S)!)'; 

d&C* d&C. dLC* 
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Biaonial Tbeoram. 



Tbe combiaatioD of thttae results gives 

Sir IscMC Newtan^s Binomial Thearetn. 

The first term of any power of a binomial is th^ 
same power of the first term of the binomial. 

In the following terms of the power the expon- 
ent of the first term continually decreases by unity 
whereas the exponent of the second term of the bine^ 
mialy which is unity in the second term of the power 
continually increases by unity. 

The coefficient of the second term of the power is 
the exponent of the power. 

If the coefficient of any term is multiplied by 
the exponent which the first term of the binomial 
has in that term^ and divided by the place of the 
term^ the result is the coefficient of the next folr 
lowing term. 



312. 


CoroBarf. 


The eqaations of the preceding artiole 


gwe 






• 

n(ii-.l) 
1.2 

"l. 2. 3 

&0. 


Hence 

(a 


+ i 


t)" s= rf* + » a»- >«+ ^^^^V^^ «""**'+ 


• 


)(n. 


-«)«► 


-^ , «(— iK«-a)("-3) ...4^ , *„ 
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Binomial TlMoi«in. 

213. CaroUary, If x is changed into — -» in the pre- 
ceding formula, it becomes 

fi(n — l)(ii — 2) ^ o , M 
« • o 

the signs of every other term being reversed. 

214. CoroUarf, The preceding formula, written in the 
reverse order of its terms, gives 

(« + a)* == «• + « a x»-i + ?^^l!^li^ a® «•-« + «&G. 

whence it appears that 

The coefficients of two terms which are equally 
distant, the one from the first term, and the other 
from the last term, are equal. 



216. KXAMPLKS. 

1. Fmd the 6th power of ^i^^^h^d. 
Sobiiian. Place s = ^ = 2afr-«e, 

and we have 

Bat, by the above formola, 

— 6«y» + jf«; 
ID wbich, if we subatitate the values of x and jr, we have 
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— J|tf«^«c"c^« + ^^6«c"rf«• 
2» Find Ui6 lOtL power of a 4* ^• 

Ans, aW+10 a» 6 + 46 o^ 69+ 120 a^ fi3 + 21 a« 6* -f- 
262 a*6«+ 210rt< 6«+120a3A7+46 ««6«+10a6» + 
610. 

3. Find the Uth power of 1 — z. 

Ans. 1—11 x+55 x«— 1 65 13+330 x^— 462 a^-f 462 «• 

— 330x''+165x8— 65a:» + ll «10 — «". 

4. Find the 4th power of 6 — 4 z. 

Ans. 626— 2000x+2400z>— 1280«9+266x«. 

5. Find the 7th power of ^ ar -{- 2 y. 

Ans. TiTr«^ + ifr**y + V«*y^+y**y'+70x3^ 

+ 168x«y« + 224icy«4.128y7. 

6. Find the 4th power of 6 a^ c^ cf — 4abd^. 

Ans. 626a8c8|;4_2000a76 £« 1/5 -f 2400 a«6Sc4<f< 

— 1280 afi63c»rf^ + 266 a<6M*. 

216. Problem. To find any power of a JHdff' 
nomial. 

Sahition, Suppose the terms of the given polynomiil to 
be arranged according to the powers of any letter, aa «, as 
follows ; 

a + 6jp + cx*+rfx3 + ex< + d&c, 

in which the successive coefficients are denoted by the sue* 
eeasive letters of the alphabet The following is 

Arbogtisfs rule for finding any power ofihepoly*^ 
nomial. 

IS 
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Poljnoinial ThaorQin. 

Th§ fir9t term of ikepwfer is the same power ^ 
ti^ first term a of the given polynomiaL 

The coefficient of x in the second term is b times 
the derivcUive of the first term taken with reference 
to a. 

To obtain any other coefficient from the preceding 
coefficient ; let r be the letter farthest advanced in 
the alphabet which is contained in any term of the 
given coefficient 

Then r times the derivative of this term with ref" 
erence to q, is a term of the new coefficient; but this 
process is obviously inapplicable, or at least useless^ 
when q is the last letter of the given polynomial so 
that r is zero. 

If the given term contains the preceding letter p 
aa well as q, q tim^ its derivative with reference to 
p, divided by the increased exponent qf q, i,s also 
a term of the new coefficient. 

Thus the term T p'* (( gives, in the following 
coefficient, the two terms 

6 Tp'^ jr'+* r and 4r T p^^ ?'+*. 

Prot^. First. The value of the first term is obtahied 
precisely as in the binoinial theorem by potting 

« = 0. 

Secondly. Let V denote the given polynomial, so tba 

The derivative of V with reference to p is, then, 
and that of F« is, by art. 172, 
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PoljnHNBhl TiMorrai. 

tiM 4erimtiv« of F with referenoe lo 9 it 

iBd thit <tf F» it 

» F»-» »•+». 

L0I, now, the reqvired power be the nth and ]ei 

F» = >4 + JI« + C*»... +P»* + Q«^+» + d&c. 

and let the dematives of A, B, C, ... P, Q, d&c, with 
reference to p be A\ B', C, ... P', Q', &c., and with 
reference to 9, ^4 ', B'*^ 0\ ... P", Q'', d&c; the deri?a- 
ttves of the preceding equation wkh reference to p and q are 

iiF«-«Jp- = il'+B'x + e2a... + P'ar' + Q'»«+» + &e. 

the first of which, multiplied by «, is 

iiF»-»x-+»=:ii'2 + JB'x«+0'x»... -|-P'x*+i + Q'«t+H- 

which, conpaied wiih the other, gtfes, by art. 163, for the 

eoefficient of «•+», 

P' = Q", 

that is, tkt derivativt of any coeficiefit with reference to anyW 
kiier p, is the same with that of the succeeding coefideni I 



reference to the succeeding Utter q. 

Thirdly. Every term of Q, in which q is the letter far- 
thest advanced in the alphabet, such as Tp" j^ , must give 
in Q/' a similar term 6 Tp^ ^'^^t or else, if 

a term Tp* , in which there is no letter so far advanced as 
q. Every such term, as it belongs slso to P', must be the 
derivative of a similar term in P, that is, of a term in which 
p is either the ferthest advanced letter, or the next to the 
farthest advanced letter. The terms of 

P'= Q" 



f 
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are, then, obtained from those of P by derivation, whiie 
those of Q are obtained from those of its derivative Q" by a 
process, which is the reverse of derivation, and whicfi, bj 
art 172, consists in multiplying by q, that is, in increasing 
its exponent by unity, and dividing by its exponent thus in- 
creased. This process is identical with the last paragraph of 
the rule in this article, and the three preceding paragraplis 
refer merely to those cases in which the increased exponent 
of q is unity, so that the division by it is superfluous. 

217. Corollary, If x is put equal lo unity in the value 
of 

(a -|- fc « + « 3c* -|" &c.)*, 
we have the value of 

(a + 6 + c + &c.)», 

80 that any power of a polynomial, the terms of 
which contain no common letter, is readily found bj' 
multiplying the successive terms, after the first, re- 
spectively by ar, a:*, 3^, x\ &c., obtaining the power 
of the polynomial thus formed, and putting 






in the result. 

218. KXAMPLES. 

1. Find the 5th power of 1 -f 2 z -f- 3 a;^ -f 4 x^. 

Solution, Represent the successive coefficients 1, 2, 3, 
4 by a, 6, c, and </, so that 

a = 1, 6 = 2, c = 3, d == 4 ; 
and the given polynomial becomes 
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the fifth power of whieh, is found by the rule to be 

tfi + &d^b%+ Sd^e jiE^-f 6a^d T^ + Mtfibd]^ 

+ I0u^l^ +M(fibc -4- 10 aScS 

4-10a«63 



--20iPcJ 

"20€^bc^ 

--20 a 63 c 
65 



20ified» 


x» -J 


20ab^d» 


- 


Wabc^d 


- 


5ac^ 


— 


20 6»cr^ 


- 


10 6^^3 


- 



-f 10 a3 rf« 
4-eQ(^bcd 
-f 10a««3 
--20a63d[ 
--30a6«ca 
--6 6*c 

lOo^c^s 

60a6c<;» 
20ac3^ 

10 63^2 
30 62c»rf 
4- 6 6c4 



--80a«6»c 
-- 6a 6* 

afi 4- 30 «• 6 d» 

-- 30 a«c»rf 

60a6»c<; 

20a6c3 

5 b^d 

10 63c» 



»» 4- 



20 a 6 if 3 

30ac»d« 
30 69e<fa 
206c3^ 



.10 



--20acrf3 
--1063^3 
--306c2rf2 
-- Sc^d 



+206cc/3 
+ 10c3(f9 



xW+5 6 d*\x^^+5cd^x^Hd^x^. 
+ 10c9d3| 



Now, if we substitute for a, 6, e, d, their values, the pre- 
ceding expression becomes 

(l + 2a?+3ar3 + 4 23)6 =l-f.l0x + 66a« + 220x» 
+ 690 x* + 1772 z5 ^ 3830 a;« + 7040 x^ 4 
11085 a:3 + 14970 x» -f- 17203 x^o ^ 1C66O x^i 4 
1 3280 xi2 -J- 8320 a?" -}- 3840 x" + 1024 x«. 



2. Find the 3d power of a -}- 6 x -|- c a:^. 



i4»^; 034.3 a2ftjpj.3a9c 



x8 



t 



6a6e 
63 



+ 3a69 

-I- 3 a c^l x4 + 3 6 <^ «3 + d» x«. 

-|-3 69c| 

8. Find the 6th power of a -f- 6 4- «•. 

Ans. a« 4-6«5 64-6 o^c 4.15 a* 6* 4- 30 a* 6 c4- 
20a3 63 4-16a*c24-60a3 6»c4.15a9 6*4-60«3 6c«4- 

13* 
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^. 15^^-1- 90 aft <:«+20 63e«+6«e» 4-15 i»e« 4- 

4. Find the 4th power ofo'—- n^x-f'^''**^- 

Ans. a»— 4a"x + 10ai«sP— 20a»«s-|-31a*««^ 
— 40 a^xft 4-44 a««8 — 40 a* jr7 4-31 a*j*— 80a««*-f. 
10a«jpi«— 4a«"4-«i«. 

0. Fiiidtha84iiareofa4-6jr+^*^+^^+<^+/^* 

«*+2a/ 



ilfu. i^2a6z+2ac |s^+3aJ|x^2o« 

+ 6^1 +2he\ +2bd 



+ «»/ 
+ d^ 



4- c» 



+26< 



+ 2ife| 4- e* 



r 



SECTION IV 
Roota «r Polyeoniilft. 

219. Problem. To find any root of a fohftuh 



SohUiom. If the root is arraDged according to the pow- 
ers of either of its letters as x, whether ascending or de- 
scending, it is evident from the rule of art 216, that 

The term of the required root which contains the 
highest power of Xy is found by extracting the root 
of the corresponding term of the given polynomial 

If, now, R is the (irst portion of the root, and R* the rest 
of it, and if P is the given polynomial of which the nth root 
is to be extracted, we have 
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P— jR* = fi &•-! » 4-&C. 
and 

and ify in P — J?* and nR^"^, only the first term is r^ 
tained, the first term of the qaotient is the first term of R* ; 
and a new portion of the root is thas found, which, com- 
bined with those before found, gives a new value of R and 
of P — U*, which, divided by the value of n !?»""* already 
obtained, gives a new term of the root, and so on. 

'Hence to obtain the second term of the root, raise 
the farst term of the root to the power denoted by the 
exponent of the root, and subtract the result from the 
given polyrvomialy bringing down only the first term 
of the remainder for a dividend. 

Also raise the first term, of the root to the power 
denoted by the exponent one less than that of the 
root, and multiply this power by the exponent of the 
root for a divisor. 

Divide the dividend by the divisor, and the quO' 
tient is the second term of the root. 

The next term is found, by raising the root air 
ready foUnd to' the power denoted by the exponent of 
the required root, subtracting this power from the 
given polynomial, and dividing the first term of the 
remainder by the divisor used for obtaining the seo 
ond term. 

7%«9 divisor, indeed, being once obtained, is to be 
used in each suiccessite division, the successive diti* 
dends being the firsi terms of the successive remain* 
ders. 
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Root of « Po^omiaL 

220. EXAMPLES. 

1. Find the4throotof 81«8_216«7+3a6zft— 56b^ 
— 224z3 + 64«+16. 

SokitioH, The operation is as follows, in which the root 
is written at the left of the given power, and the divisor at 
the left of each dividend or remainder ; and only the first 
term of each remainder is brought down. 

81 x^216x7.4.336K^^-n6fo^224x3+64x+16 1 9x^-^Stt--^ 

81«« 



Ist Rem. — 216t7 | 108«« = 4 X (3 ««)3 

81x»— 216ar^4-216a^— 96x«+16«« = (3z«-.2x)< 
2d Rem. — 2I6a« | 108 x« 

81x8-2ldx7+83Cfa«-6e«<-224a3+64«+16=(3x«-2»-2)< 
3d Rem. 0. 

2. Find the 3d root of a^ + Sa^b + Ba^ c + 2ab^ + 

Ans. a + A-f-c 

3. Find the3d rootof a3 + 6a«6 — 3a«c+12a6« — 
12ii6c + 3aca + 8 63_126ac + 66c« — c». 

iiiu: 04.2 ft — c* 

4. Find theSdrootof 343x« — 441«»y + r^x*y9 — 
581x3y3+444x»y4— 144*y<+64y«. 

Ans. 7x* — 3«y+4y*. 

5. Find the 4th root of 81 a« — 540 o^ 6— 72 o^ c + 
1860a»ft» + 360i]i»6c + 24a»c»— 1500 afts — 000a 6»e 
— 80 a 6€«— V a c» + 625 64+ uyii» 63 c + A^ 5? c« + 

ilns. 3a — 56 — fc. 
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Root of a Poiynomial. 

a Find the 6th root of 16807 a^® 6« — ^^^ a« A* + 

ft «•& + 245 6* c — ^+ lAJAP a-86»c«— V a-«6^c — 

— f fl-« 6« c« — y^o a-i» 610 c» + J^ a-» 6« c»4- 
\iV€i-i*6"«4_|jfl-i6 6i3c4 4-^a-ao6"c*- 

7. Find the 9th root of y9'+27y««+324^«4-2268y« 
+ 10206 yw + 30618 y" + 61236 y « ^ 78732 yW ^ 
69049 yii + 196S3 y». 

i4jM. jf'-f^y- 

221. Corollary, When the preceding method ie applied 
to the extraction of the square root, it admits of modifica- 
tions similar to those of art. 189, and we hare the following 
mle 

To extract the square root of a given polynomial. 

Arrange its terms according to the powers of some 
letter f extract the square root of the first term for the 
first term of the root 

Double the part of the root thus found -for a divi" 
sor, subtract the square of this pari of the root from 
the given polynomial, and divide the first term of the 
remainder by the divisor ; the quotient is the second 
term of the root. 

Double the terms of the root already found for a 
new divisor ; subtract from the preceding remainder 
the product of the last term of the root multiplied by 
the preceding divisor augmented by the last term of 
the root. Divide the first term of this new remain" 
der by the first term of the corresponding divisor^ 
and the quotient is the next term of the root. 
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Proceed in the same ttay^ to find the other terme 
of the root 



222. KXAMPX.BS. 

1. Find the square root of t< + 4 s^ -f- 90 s^— 10 s 
+ 16. 

Solution. In the following solation, the arrangement is 
similar to that in the example of art. 190. 

2H-4jr« + 2(^«^— 16Z + 16 x3 + 2««— 2s + 4.iliu. 



4««+20»a— 16x+16l2«» 

4g»+ 4z< I 

— 4ar*+20x«— 16X + 16 2«> + 4s* 

— 4ar<— 8*3+ 4«» 



8ai»+l6««— 16X+16 
Sxg-f i6g«--*16g+16 



2x9-f 49^^4s 



0. 

2. Find the square root of 25 d!^ ~ St o^ 6 + 49 fi^ ft* 
— 24a6'+16i^ Am. 5a«— Sa6 + 4ft». 

8. Fwd tlm tfqnaie root of 4«04- ]2«> + 52« — 2x9 
+7ji^_ax+.l. ^«,. 2«3 + 3xa — x+ L 

4. Find the square root of <H — 2a^x + 8ii^s^-^ 
2 a «> + ««. itfM. ^^ax-^^. 

5. Plii4 <he square root of f+^x — 17 s* — 2Bx9 
-^49j«'. i4i«i. f + 2»— 7x». 
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SECTION y. 

Binomial Eqaationi. 

223. Definition. When an equation with one un- 
known quantity is reduced to a jseries of monctmials, 
and ail its terms which contain the unknown quan- 
tity are multiplied by the same power c( the un- 
known quantity, it may be represented by the gen^ 

eral form 

^ ar» + itf = 0, 

and may be called a binomial equation. 

9SbL Ptobiem. To solve a binomial equation* 

SokUion. Suppose the given equation to be 

ilj^+ilf=0- 
Transposing M and dividing by A, we have 

the Nth root of which H 

Hesee, find tiu valne of the power qf the tmkiimim 
quantity which is contained in the given eqfuaHisnj 
precisely as if this power were itself the unknown 
qtmntityy and the given equations were of ike first 
degree. Extract that root of the result which is 
denoted by the index of the power. 

225. Corollary. Equations containing two or more un- 
known quantities wili often, by elimination, conduct lo 
binomial equations. 
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226. EXAHPLES. 

1. Solre the two equations 

«y^+2y^ — 4^ — 8x+16=0, 
x8yi_4y7_4,y3^8y« + 32x— 64 = 0. 

SeUiiion, The elimiDation of y between these two equa- 
tions, bj the process of art. 155, gives 

8 «« — 32 = 0, 

whence we have 

aj« = 4, 

« = db2. 
Now the value of z, 

x = + 2, 

being substituted in the first of the giveii equations, pro- 
duces 

4y7_4y» = 0, 

which is satisfied by the value of y, 

y = 0; 

or if we divide by 4 y^, we have 

y^-l=0, 

y = Vl = =fclor = =fcV — If 
at wiU be shown when we treat of the theory of equations 

Again, the value of x, 

« = — 2, 

being substituted in the first of the given equations, pro* 

duces 

— 4y» + 32 = 0, 

whence we have 

y» = 8, 

y = 2 or = — 1 =h v' — 3, 
as will be shown in the theory of equations. 
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2. Solve the eqaatioo 

3xa+2«=zx8+2« + ia 

Ans* «= =b3. 

8. SolTe the eqaation 

2g— 7 _ g+1 
x — l "" 2« + 7' 



,1 ;60 , 



4. Solve the eqaation 

I 26 

X 

Am* 2 = 3. 

5. Solve the equation 

x^ + x + 8 ^^j^-S 
ar3+4 ^ 13 — 4 ^ 

itil5. OP = d: S. 

6. Solve the equation 

v/(2x + 2) = «+ 1. 

i4iM. «s= d=l« 

7. Solve the equation 

V(x«— 81«+1):^1. 

iliis. x = 0, orxsdbS. 

8. Solve the two equations 

«* + f* = 2 rt, 
«« — y« = 2ft. 

ilii5. X := V (a -f- ft), y = ^( a ~6). 

9. Solve the two equations 

y« — 33y3 + x4— 17x9z=0, 

3f«+ 17y3 + x4 _ 33 a;*--. 0. 

ilfis. ar=0, andy = 0; or xi= =b5, andy = 2. 

14 
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10. What namber is it, whose htlf tindtii^^ by its tfcird 
part, gives 864 1 Ans. 72. 

11. What itoAiber is it, whose 7th and 8th parts multi- 
plied together, and the product difided by 3^ gifes the 
quotient 298} t Ans. 224. 

12. Find a number such, that if we first add to it 94, 
theft stibtraet il from 94, and multiply the sum thus obtained 
by the difference, the product is 8512^ Ans 18l 

13. Find a number such, that if we first add it to a, then 
subtract it from a, and multiply the sum by the difference, 
the product is 6. Ans. \/ {tjfi — 6). 

14. Find a number such, that if we first add it to a, then 
subtract a firom it, and multiply the sum by the difierence, 
the product is 6. Ans, y/ (a^ -|* 6). 

15. What two numbers are they whose product is 7iO, 
and quotient 3| t Ans. 50 and 15. 

16. What two numbers are they whose product is a, and 

quotient h\ ^ . , m o 

^ Am. \/ab and v^-r* 

17. What two ttttmbefs ire they, the sum of whose 
squisrea is I300I, and the difference of whose squares is 
1449 1 i4iij. 85 and 76. 

18. What two numbers ate th^, the sum of whose 
squares is a, and the dMbrenoe of Whose squares is 6 1 

Ans. V |(a -j" ^) *°^ V i (« — ^)* 

19. What two numbers are to one another as 3 to 4, th« 
sum of whose squares is 324900 ? Ans. 342 and 456. 

20. What two numbers are as m to n, the sum of whose 
squares is a f w y/ a n \/ a 
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81. What two numben are m m to w, the difarenoe of 
wboae squares is a? m\^a . n\/a 

^ A certain capital is let at 4 per cent. ; if we miriiipl^ 
the nomber of dollars in the capital, by the number of 
Miars in the interest lor 5 nontha, we obuin 117041|. 
Wb^ is the capital f Ans. $M60. 

23. A person has three kinds of goods, which together 
cost' 9 55SS. The pound of each article costs as many dol^ 
lars as there are pounds of that article ; but he has one 
third mcnre of the second kind than he has of the first, and 
3{ times as much of the third as he has of the second' 
How many pounds has he of each t 

An$, 15 pounds of the first, 80 of the second, and 70 

of the third. 

84. Find three numbers such, that the product of the 
ilrst and second is 6, that of the first and third is 10, and 
the sum of the squares of the second and third is 84. 

Ans. 8, 8, A. 

3S. Find three numbers such, that the product of the 
first and second is a, that of the first and third is 6, and 

that of the second and third is c, 

ah ae . be 

Ans. \/ — -, V -r» "*° V --. 
CO a 

86. What number is it, whose Aiad part, imMplied by 
^ts square, gires 1044 T Ans. 18. 

527. What number is it, whose half, third, and fourth, 
multiplied together, and the product increased by 38, gives 
4040 1 Ans. 48. 

86. What number is that, whose fourth power divided by 
}th of it, and 107 subtracted fi'mn the quotient, gives the 
remainder 180001 Ans. 1 1). 
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29« Some raerchants engage in business ; each contrib- 
utes a thousand times as many dollars as there are partners* 
Thej gain in this business 9 2560 ; and it is found that this 
gain is exactly half their own number per cent. How many 
merchants are there ? Ans> 8, 

30. Find three numbers such, that the square of the first 
multiplied by the second is 112; the squai-e of the second 
multiplied by the third is 588 ; and the square of the third 
multiplied by the first is 576. Aus. 4» 7, 12. 

227. Corollary. When the solution of a problem 
gives for either of its unknown quantities only imag- 
inary values, the problem must be impossible. 



228. EXAMPLE. 

In what case would the value of the unknown quantity in 
example 13 of art. 226 be imaginary 1 and why should tbc) 
problem in this case be impossible ? 

Ans. When ^ > a^ 

that is, when the product of the sum and difference «• 
required to be greater than the square of a. Now if thr 
required number is z, this product is 

(« + op) (a — a?) =: a* — «•; 

•ndy therofore, less tkaa e^ 
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CHAPTER VI, 

EQUATIONS OF THB SECOND DEGREE 

229. It may easily be shown, as in art. 120, that 
%ny equation of the second degree with one unknown 
quanlityj may be reduced to the form 

in which A o^ denotes the aggregate of all the terms 
multiplied by the second power of the miknown 
quantity, B x denotes all the terms multiplied by 
the unknown quantity itself, and M denotes all the 
terms which do not contain the unknown quantity, 

230. Problem, To solve an equation of the se&' 
ond degree with one unknown quantity. 

Solution. Having reduced the given equation to the 

ibrm 

Ax^+Bx+M = 0, 

we could easily reduce it to an equation of the first degree, 
hy BBtracting its square root, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
fect square ; the equation can, however, always be brought 
to a form in which its first term is a perfect square, by mul- 
tiplying it by some quantity which will render the coeffi- 
cient of the first term a perfect square, multiplying by this 
coefficient itself, for instance ; thus the given equation mul- 
tiplied by A becomes 

A^x'^ + ABz'\'AM=:0. 

14 • 
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Now that the equation is in this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x» + ABx + A M Ax+iB. Root, 
A^x^ 



A Bx + AM 



2 its 



AM-^^B^ Rem. 

80 that the first member is a perfect square only when tiM 
remainder is zero, that is, 

A Jf— 4£» = Q; 

and, m every ether caae» 

A%^\B 

li the foot of the square which differs from it 1^ this i»* 
mainder, that is, 

or, transposing it Jf-*| fi^, we have 

(il X + i JB)9 = J fia— A M. 

Now the square root of this last equation is 

Ax + ^B=zzhs/{iB^ — AM), 

which| solved as so equation of the first degree, gives 

^_ ^iB:h^{iB^-AM) 

A 
_ — Bdb ^{B^~4AM) 
"" ¥A '' 

in which either of the two signs -|- or — , may be used of 

the double sign :^, and we thus have the two roots of the 

given equation 

__ -B + y/{B»-4AM) 
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Imasteiiy Reeli. 



^HUl 



and 

_B_^(B«— 4i4Jlf) 

aA 

The equation 
which is th« same as 

is obtained immediatolj from the equation 

hy transposing A M to the second member, and adding 
^ B^ to both members. Hence 

To solve an equation of the second degree with 
one unknown, quantify. 

Reduce it as in arts, 112 and 118, transposing 
all the terms which contain the unknown quantity 
to the first fn&mber, and the other terms to the second 
m^moer* 

Multiply the equation by any quantity, (the least 
is to be preferred^) which will render the coejicieni 
of the second power of the unknown quantity an ex^ 
act square. 

Add to this equation the square of the qtwtientj 
arising from the ditrision of the coefficient of the fir Si 
power of its unknown quantity, by twice the square 
root of the coefficient of the second power of its un'- 
known quantity. 

Extract the square root of the equation thus aug* 
minted, and the result is an equation of the first 
degree^ to be solved as in art. 121. 
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. < ' ' ■ " I ■ — ^"^— ^^ 

231. Corollary. When -we have 

B^ — iAM 

a negative quantity, that is, 

the roots of the given equation axe imaginary. 

232. Scholium. The preceding method of solving 
quadratic equations gives the form of the roots in all 
cases, but otherwise it has no advantage in the solu- 
tion of a numerical equation over the solution given 
in Chapter IV. 

The method of art. 182, applied to this case, gives 

h = — M 

u = Ax^+Bx, U=i2Ax + B, 
aod when 

m = il aS -f B a, JH = 2il a-f- jB. 

But the process may be abbreviated precisely as in the emm 
of the square root in art. 189, by observing that 

A{a+hf+B(a+h)=iAx^+Ba-\-(2A a+B+A k)k 

= A a^+B a+{M+ A h) h, 

and if the root of the equation 

Ax^ + B%=z — M 
18 called the quadratic root of — My and — M the 
qwidratic power of its root, the rude for extracting its 
root is the same as that for extracting the square 
root in art. 189, except that quadratic mtust be stA^ 
stituted for square, the divisor is, in each case^ 

2 Aa + B 
instead of 2 a, the addition to the divisor before mut^ 
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tipUcation ts A h instead of h, and the division inio 
periods is useless. 



233. EXAMPLSS. 

1. Solve the equation 

axfi+5x=;491. 

Sobitum. The First Method of art. 230. Multiply by 8 
and the product is 

9s8+15x = 4473. 

The square completed by the addition of 

(3 X + J)a = 4479-26, 

of which the square root is 

3« + 2-6=d:66927, 
whence 

3z = 64-427 or —69*427 

« = 21-476 or —23142. 

The Second Method of art. 232. In the second column 
of this form, the number at the top of the column is the 
root, the numbers above each line are the successive divi- 
sors, and the numbers below are the increased divisors 
before multiplication ; and it is to be observed, that by the 
repetition of the increment the next divisor is obtained. 
We have, then, for the first root 

1491* 21-476 

3(20)«+5x20== 1300 



128x1 = 



182-2 X -4 = 



133-61 X 07 = 



191- 
128 



63 

62-88 



10-12 
9-3527 



•7673 



126 = 6x20 + 6 



128 = 125 -f 3 X 1 
131 =6x128 + 3x1 



132-2 = 131 + 3 X -4 
133 4 = 132-2 + 3 X. 4 



133-61=133 4 + 3x07 
133-82=133-6l+3x-07 



ie6 
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wid ibr thf mcqik} root 



1401 
1100 


— 23143 


391- 


— 1X5 


372 


'— 'iSi 


19- 


— 188 


IS^ 


-- I38'8 


5«7 


•~188« 


5-3488 


— 133-73 


«9ia 


— 183-64 



8. Sol?e the equation 

48 165 



— 5. 



x + 3""x+10 

SokiHon, This equation, reduced aa ia lurtp. 112 and 
118, is 

5z> — 522-1- 135 = 0; 

which, multiplied by 5, becomes 

25x» — 260«=— 676. 
Comfdeting the square, we have 

25x»— 260x-j- 676 = 676—075= 1, 
the square root of which is 

5«;-^26==bl; 
hence 

« = i(26dbl) = 5f or=5. 
3. Sohre the equation 

v^(2x+7)+^(3x— 18) = ^(7«+1). 

Sobaion. This equation, being freed from radical signsi 
as in art 204, becomes 

5apa^27a?— 162 = 0; 
th^ lootft of which are 

«=r 9, or«=— 3f. 
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£zampl«t of equation! of the Secoq4 J)«ff«e. 

4. Solve the two equi^tions 

(y-6)yi.H40^-100^ (10x«-66.+e2)y+60x 

Sobitian. If we proceed to eliminate y between these 
two equations, by the process of art 155, the remainder of 
the first division is 

(xJL-.6z+5)y«— (10««--60«4-50)y+24aj«— 144»+120, 

in which 

«s^6«-f 5 

IS a factor of each of the coefficients of y, |uid if\ and of 
the terms which do not contain jf« 

Before suppressing this factor^ we must see whether, as 
in ari 157, it may not be equal to zero, in which case we 
have 

the roots of which are 

x = 5, and x^h 
New if the rahie 

is substituted in the given equations, each of them beoomei 

which is satisfied by the value 

y =0, 
or, dividing by y, we have 

y9 — 5y + 6 = 0, 
the roots of which are 

y = 2, and y =z 8. 
B«| if the. f«hia 

is substituted in the given equations, each of them hecomee 
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Ezimplei of Eqaationa of the Second Degree. 

which is the same as the precediag equation, and gi?6f 
therefore the same values of y. 

Having thus obtained all the roots of the given equation 

corresponding to 

2« — 6x4-5=0, 

we may omit this factor of the above remainder, and it 

becomes 

y«— lOy+24; 

And as this does not contain x it is unnecessary to proceed 

farther in the elimination of y, but we may obtain the roots 

of the equation 

ya— 10y+24=0, 
which are 

y = 4, and y = 6, 

and substitute them in the given equation to obtain the 
corresponding values of x. 

Thus, if the value 

y = 6 

is substituted in the given equations, each of them beoomee 

5xs — 48« + 61=:0, 
the roots of which are 

, = i(24±%/171). 

But if the value 

is substituted in the given equations, each of them beoomea 

X — 2 = 0, 
whence 

x = 2. 

The answer, therefore, is 

ss5, or <8= 1 , in either of which cases, y esO, or ssS, or asS; 

or X = i(24dr \/ 171), in which case, y = 6; 
or X = 2, in which case, y ss 4. 
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EuiaplM of Eqaations of the Second Dogiee. 



7. Soi?e the equation 

a$« + 8 z = 209. 

Ans. x=i 11, or— -19. 

8. Solve the equation 

42»-^9« = 6t> — 266f — 82. 

ilnl. X = 15^, or = — 16|. 

9. Solve the equation 

g _ 7 

Ans. x= 14, or = — 10. 
10k Solve the equation 

8- -6:=^ 



« + 2 ""3«" 

Ans. dP := 10, or = — }. 

11. Solve the equation . 

^ 10 — « ^25 — 3x"""** 

wliM. X = 13|f, or =a 

12. Solve the equation 

An9. s=3 6, or = 11-8309. 

13. Solve the equation 

»» + 2 X = 10. 
Ans. z = 2*3166, or = —4*3166 

14. fiotve the equation 

«8-j-5x=10. 
Ans. % z= 1'531, or r= — 6*531. 

15. Solve the equation 

x« — 9 a? = — 10. 

Ans. X = 7-7015, or =s 1-2884. 

16 
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Examples of Equations of the Second Degree. 



16. Soke the equation 

2a;« + x = ll. 

Arts. dp== 2*106, or = — 2-606. 
.17. Solve the equation 

lO**— 14«=— 3. 

Ans. X = 11359. or — -2641. 

18. Sohe the two equations 

2x+3y = 118, 
5 a« — 7 y« = 4333. 

Ans. X = 35, and y = 16, 

or a: = — 229^, and y = 192^ 

10. Solve the two equations 

«8 — ya: + 9 = 0, 
ya2a — ^ar+144y — 540 = 0. 
Ans. 2f =^ 6, and x = 3 ; 

or y = 10, and « = 9, or = L 

80« Sdve the three equations 

xyz=: 105, 
« + y + 2 = 7, 
y* + a;y— 7y — a;-{-22=0. 
Ans. x= 15;y = — 1, « = — 7; 
or X = 15, y = — 7, x = — 1 ; 
orar = 7, y = + ^15, « = — V 15; 
or ar = 7, y = — v/15, x = + ^ 15. 

21. What two numbers are they, whose sura is 82, ana 
product 240? Ans. 12 and 20. 

22. What two numbers are they, whose sum is a, and 
product 6? 

Ans. ia + s/(ifl^— 6),and Ja— v/(ia2_5). 

In what case would the values of these unknown quan- 
tities be imaginary ? 
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Eiamplei of £qaataoDi of the Second Degree. 

Aus, When we have 

that 18, 

that is, the product of two numbers cannot be greater 
than the square of half their sum. 

23. What two numbers are they, whose difference is 5, 
and product 24 1 Ans. 8 and :) ; or — 3 and — 8. 

* 

24. What two numbers are they, whose difference^ is a, 
and product 6 ? 

Ans. 4azfcv'(*+i«*)»and— i«-tV(* + i«*)- 

25. Find a number, whose square exceeds it by 306. 

Ans. 18, or — 17. 

26. A person being asked his age, answered, ** My 
mother was 20 years old when I was born, and her age 
multiplied by mine, exceeds our united ages by 2500." 
What was his age ? Ans, 42. 

27. A person buys some pieces of cloth, at equal prices, 
for $ 60. Had he got three more pieces for the same sum, 
each piece would have cost him 9 1 less. How many pieces 
did he buy? Ans. 12. 

28. A person dies, leaving children, and a fortune of 
946800, which, by the will, is to be divided equally among 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this, each remaining child receives $ 1950 
more than it was entitled to by the will, how many children 
were there t Ans. S. 

29. Twenty persons, men and women, spent 948 at an 
inn ; the men $24, and the women the same sum. Now, 
mi inspecting the bill, it is found that the men have to pay 
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9 1 each oiore than the women. How maBy tnea, there- 
fore, were there in the company ? Ans, 8. 

30. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? Ans» 15 and 26. 

31. What two numbers are they, whose sum is a, and the 
•um of whose squares is 6 ? 

i4ns. ia+iv (26 — rf»), and Jfl — I (2vft — a*). 

In what case would the yalues of these unknown quan* 
titles be imaginary ? 

Ans, When we have 

o«>2 6; 

that is, the square of the sum of two numbers catinot be 
greater than twice the sum of their squares. 

3*2. What two numbers are they, whose difference k 8, 
and the sum of whose squares is 544 ? 

ilfis. 12 and 20 ; or — 12 and -*-20. 

33. What two numbers are they, whose difference is a, 
and the sum of whose squares is 6 f 

Ana. Jo=fcJv/(26— a*),and— Jad=Jv^(26— n^). 

In What case would the values of these unknown quan- 
tities be imaginary t 

Ans. When we have 

d«>26; 

that is, the square of the difference of two numbers can- 
not be greater than twice the sum of their squares. 

34. Divide the number 39 into two parts, such that the 
sum of their cubes may be 17199. Ans. 15 and 24. 

85. A person being asked about his yearly inooine, 
amwered, *< My income is such, that if I add 9 1578 to it, 
ittd also subtract 9 142 from it, and extract the cube roots 
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of the nambers thas obtained, the differenoe between the 
roots is 10." What was his income t Ans, $ 150. 

96. Find two numbers whose difference added to the di^ 
ference of their squares, makes 150» m4 whQi^ «vm added 
to the sum of their sqi^ares is 3^» 

^ns. The one is 15, or — 16; the other is 9, or — It). 

37. What two numbers are they, whose 9um, product, 
and difference of their squares, are all equal to each other t 

Ans. } (3 =1= %/5), and J (1 dz v/ 5). 

38. Find a number consisting of three digits, such, that 
the sum of the squares of the digits, without ooDttdering 
their position, may \fe 104; but th^e square of the middle 
digit exceeds twice the product of the other two by 4 ; 
farther, if 594 be subtracted from the number sought, the 
three digits are inverted. Ans^ 863i 

234 Corollary. The preceding method is not 
only applicable to equations of the second degreOi 
but to a}l equations of the form 

in which there are two terms multiplied by different 
powers of x, the highest exponent being the double 
of the lowest ; and n may be either integral or frao^ 
tioiial. 

235. EXAMPLES. 

1. Solve the equation 

^ a;a» -f B a?* + if = 

Solution, If the square is completed, as in the preceding 
article, and the square root extracted, the result is 

A^^^ + iB^dts/i-^AM+iB^): 

lb* 
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finom which we obtain, by art. 224, 

2. Solve the equation' 

x4 _ 74 «» = — 1225. 

Ans. X = =b 5, or = ±7. 
8. Solve the equation 

s 
Am. « = 3, or = — ^41. 

4. Solve the equation 

6v/x — ^« = 6. 

ilii5. X = 16, or 81. 
5ii Sdve the equation 

(op + 12)i + (x + 12)i = 6. 

Ans. z = 4, or 69. 

6. Solve the equation 

z + 16 — 7(x+ 16)^=10— 4(x+16)i 

Ans. a? =9, or — 12. 

7. Solve the equation 

J — x=:2xK 

Ans. « =;= 0, or 1, or 4. 

8. Solve the equation 

x^ — x^z=56. 

Ans, X = 4, or ( — 7)'. 

9. Solve the equation 

X* + X* = 756. 

Ans. X = 243, or (—28)* 
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10. Solve the equation 

(x9 + 5)9 — 4 x3 = 160. 

Afis. jT =: 3, or \/ -— 1& 

11. What two numbers are they, whose product is 255, 
and the sum qf whose squares is 514 ? 

Ans. 15 and 17, or — 15 and — 17. 

12. What two numbers are they, whose product is a, and 
the sum of whose squares is 6 ? 

Ans. db^[4 6+^(469-a9)], 
and ± v^ [i 6 — v/ ( J 69_ a9)-|. 

13. What number exceeds its square root by 20 ? 

Ans. 25. 

14. What number is it, the excess of whose square above 
its square root is equal to 56 divided by the number ? 

8 

Ans. 4 or ^ 49. 

236. There are equations of higher degrees, which 
can be reduced to equations of the second degree by 
introducing other unknown quantities instead of those 
contained in them. Thus if the same algebraic ex- 
pression is involved in different ways, it will often 
be found successful to consider this expression as the 
unknown quantity. 



237. EXAMPLES. 

1. Solve the two equations 

f««— 23y)3 + (x2 — 23y)94-(a:9— 23y)(x— 2y) = 18, 
(«a— 23y)3 + (x-2y) = 7. 
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SobUian. Consider 

(«*-Wjr),and(«-2y), 
u Hit itnknowB quamities, making 

J^ = » — 2jf; 
and tbs equations become 

IJence, bj the elimioa^ion of y', we have 

«'« + ?»' =18, 
and, therefore, 

«' = 2, or = — 9 ; 
and the correspond iog values of y are 

y' = 3,or=: — 74; 
that is, 

«a— 23y = 2,or=: — 9, 
X — 2 y = 3, or = — . 74. 
The solution of these equations gives 

X = 5, y = 1 ; 
or, 

2 = ej,y=l|; 
or* 

» = i(23=fc%/14001),y=^J(319;fcVl4001) 

2. Solve the equation 

* + (« + 6)i = 2 + 3 (« + 6)*. 

ilns. a?z= 10, or — 2. 
8. Solve the two equations 

(* + y) + (« + y)* = i2, 

«« -f- y» = 189. 

ilns. 2 = 6, or 3= 4; y = 4, or = 5. 
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^«aiplM of Substitutioa of UnkoowB Quantities. 

298. Q^roUary, Wlien there are two uakAaim 
quantities which enter symmetrie^y into the given 
equation, the solution is often simplified by substi- 
tuting for them two other unknown quanti^^ fM 
of which is their product and the other their sum. 



239* sXAiiPLEs. 

1. Find two numbers whose sum is 5, and the sum of 
whose fiRh powers is 275. 

Sobtiion. Let the numbers be x and y^ represeqt thiir 
product by p, and we have 

Bot we also have 

and 

«» + y» =s (« + y )8 — 8 «i y — 8 « y» 

= («+y)'— 8«y(«+y) 

= 196— 16ji. 
Hence 

(x+y)«==:276+6p(l26 — 16p) + 10/i«x6— e»j 

or, by reduction, 

pal9, ori*B6; 

a5«=2, or=3, or=:J(5±\/ — 61), 
yssS, or=2, or = | ls'=P\/ — 51). 

2. Solve the two equations 

(»-y)(*a-y) = 7. 
{f ^. y) (a^ + yS) = 175. 
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SohiHim. These eqaations become^ by development^ 
«3 — x«y — « 5f«+3f3 = 7, 

mdy by the substitation of 

they still farther become, 

j^ — 4 5 p = 7, 

,3 _ 2*11=176. 

If we eliminate p we have 

«« = 343, 
whence 

s = 7; 

and this value gives, by substitation, 

843 — 14p=:175. 

p=12. 
Hence 

«^ 3, or =4; 

y zi: 4, or as 3. 
8. Solve the two eqaations 

Z -|-ys= xy 

x + y + x« + y«=12. 

Ans. x=2, or=J(— SdtV'^l); 
y=2,or = 4(— 3=F^21). 

4. Solve the two equations 

x3 4- ys = 189, 
x^y + xy«=18p, 

i4fi5. « 8=s 4, or s 5; 
y = 6, or = 4. 
6, Solve the two equations 

x« + y« = 6, 

«y = 2- 

Ans. X «= ± 2, or = ± 1 ; 

y = =b 1, or = db 2- 
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6. Solve the two equations 

x3 ja + x« y3 = 12. 

Ans, x=ss 1, or =:2; 
y»s2, or=l. 

7. Solve the two equations « 

4xy = 96 — ;ifly^, 
« + y = 6. 

Ans. X = 2, or 4, or 3 ± ^ 21 ; 
y = 4, or 2, or 3 =F v^ 21. 

8. Find two numbers such, that their sum and product 
may together be 34, and the sum of their squares may ex* 
ceed the sum of the numbers themselves by 42. 

Ans, 4 and 6 ; 

ori(— 11 + v^ — 69,)and J(— 11 — v'—fiO). 

9. What two numbers are they, whose sum is 3^ and the 
sum of whose fourth powers is 17 ? 

Ans. 2 and 1 ; 

Of i (3 + v/— 55), and | (3— v' — 55). 

10. What two numbers are they, whose product is 3, and 
the sum of whose fourth powers is 82 ? 

Ans. ± 1, and ± 3; 

or ± v/ — 1» *nd =p v' — 9 

240. Corollary. In many cases, in which two un- 
known quantities enter into the given equatiors 
symmetrically except in regard to their signs, tie 
solution is simplified by substituting for them two 
other unknown quantities, one of which is their dif- 
ference, and the other is their sura or their product. 
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241. KXAMFLKS. 

1, SolTe tbe two equations 

(x — if)xy = 6. 

iSffluluni. These equations become, by the substitution 

of 

X — y = *, 

Ry the elimiiMilkHi of jp, we ka?e 

#-1; 
whence we find 

end 

«sb3, orB~2; 
» = 2,or=» — a 

2. Sol? e the two equations 

Aftrfibn. These equations become, by the substitotion 
ef 

»— y»<; 

Hence, by the elimhiation of t^ we Jiave 

«4 _ 2401 = 0, 
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and 

« = v' 5M01 = db 7, or a? ±7%/— 1 ; 
* = d=l, or = =F^ — 1. 
x==d:4, or = ±3\/ — 1; 
Jf = ± 3, or =;r ± 4 V — 1. 

3. Solve the two equations 

x3 -^ mS ss 7^ 

ilfi#. 4^3$ 2, or »"-*-!; 
y=l,or«— 2. 

4. Solve the two equations 

ajS _ ys = 215, 

ilfi5. « = 6, or = — 1 ; 
&. Solve the two equations 

a'y — a*y* + «y*«» 166, 

,y(^-y3)_2a^ya(x— y) + («-y)«=167. 

Ans, x = 4, or= — 3, or =J( l±v^ — 61); 
y = 3, or=+4,or=J(— Izfcv^— 51). 

or x = rfci v(—lS75»± 2^(624+137*)) — 78J. 

y = ±iv(— IS?^±2vX624+1574)) + 78J. 

6. What two numbers are they, whose difference is 1, 
and the difference of whose third powers is 7 ? 

Ans. I and 2, or — 2 and — 1. 

7. What two aiimbers are they, whose difference is 8, 
and the sum of whose fourth powers is 257 ? 

Ans. 4 and 1, or — 4 and — 1, 

ari(±v/(-~79) + 3)andi(=fcv(— 79)-3). 



16 
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Eliamples of Equations of the Second Degree. 

m 

242. When the first member of one pf the equa- 
tions, reduced as in art. 118, is homogeneous in re- 
gard to two unknown quantities, the solution is of- 
ten simplified by substituting for the two unknown 
quantities, two other unknown quantities, one of 
which is their quotient. 

The same method of simplification can also be 
employed when such a homogeneous equation is 
readily obtained from the given equations. 

243. EXAMPLES. 

1. Solve the two equations 

« 

Sobtiian. Retaining the unknown quantity ^, introduce 
instead of x, the unknown quantity q, such that 

X 

orx=iqy; 
from which the given equations become 

^9^3 — 6gy3 + 8y3-f-(jf^— 2y)(y«~6y-f4)=0. 
Both these equations are satisfied by the value of y, 

whence 

« = 5f y = 0. 

But if we divide the first of these equations by y', and the 
second by y, we have 

9V-6?y«+8y» + (?-2)(y»-6y+4)=0; 
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the first of which gives 

g = 2, or =s 4. 
The value of q, 

heiug substituted in the other equation, reduces the first 
member to zero, and therefore y is indeterminate ; that is, 
X and y may have any values whatever, with the limitation 
that X is the double of y. 

The value of 9, 

j = 4. 

being substituted in the other equation^ gives 

2(y« — 6s + 4) = 0; 
whence 

y = 1, or = 4, 
and 

« = 4, or s= la 

2. Solve the two equations 

X* -|- x' y* = 5, 
x» 4- 4 0? y* = 66. 

Solution. 13 times the first equation, diminished Viy the 
second equation, is 

12x«+ 13x3y«— 4xy< = 0; 

and, if we make 

X = 5^ y, 

we have 

Which is satisfied by the value of y, 

and this value of y, being substituted in the given equations 

produces 

x« = 6, 

«* = 66; 

which are evident impossibilities, and therefore the valae 
y :=r is impossible. 
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Dividing, then, by y^, we ha?e 

i29«4- 1398—4^ = 0; 

which is satisfied by the value x>f q, 

dividing by q, we have 

125f*+13j» — 4 = 0, 
whence 

Now the first of the given equations becomes, by the sub- 
stitution of 

hence, by the substitution of the above values of 9, we h^JK^ 

^= 00, a;=OXoo>=S=s indeterminate ; 
or y = ± 2, X = 1 ; 

ory = ±v 4 X \/ — 3,4f=v20. 

8. Solve the two equations 

81 a^< + 9a;«y« = 20y^ 

(y^y)»+(3«y+3y)'-9x2(2y+3)— 12y(x+2y)=0. 

Ans. X == 0, and y = ; 

orx = 2, andy=>3; 

or« = — -111, andy = — 2|; 

or a = — 3,1^, mid y «=> 4f ; 

or OP = I, and y 5= — 1 ; 

orx = J(— 5±\/— 5,) andy = ld[:\/— 6; 

0r«===bjv^ — 6, and y = 1. . 

4. Solve the two equations 

a;3 + 2ary« = 3, 
« y« + 2 a?» y = 3. 

y4n5. r = 1, and y z=: 1, 
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Examples of SabetiUition of Unknown Quantities. 

5. What two nambers are thej, twice the sum of whose 
squares is 5 times their product, and the sum of whose sixth 
powers is 65. Ans, 2 and 1, or — 3 and — 1. 

6. What two numbers are they, the .difference of whose 
fourth powers is 65, and the square of the sum of whose 
squares is 169. Ans. d= 2f and ± 3w 



«* 
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To find the last Term. 



CHAPTER TIL 

PR0GRESSI0I4S. 

SECTION I. 

Arithmetical Progression. 

244. An Arithmetical Progression, or a progress 
sion by differences, is a series of terms or quantities 
which continually increase or decrease by a constant 
quantity. 

This constant increment or decrement is called the 
common difference of the progression. 

Throughout ihis section the following notation will be 
retained. We shall use 

a = the first term of the progression, 

/ = the last term, 

r = the common difference, 

ft z= the number of terms, 

S z= the sum of all the terms. 

246. Problem. To find the la;/^ t.erm of an arith' 
metical progression when its first term, com>mon dif- 
ference, and number of term,s are known. 

Solution, In this case a, r, and it, are supposed to be 
known, and / is to be found. Now the successive terms of 
the series if it is increasing are 

a, a -}- r, a + 2 r, a -f- ^ '*» ^ + ^ **» ^^* » 
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^ - I ■ ■ I I ■ m » m^ ■_!__>___ M^ M-n— — r^^ t-^m— wm^ i. 

Sam of two Terma equally diatant from the eztremei, 

80 that the tith term is obvioudy 

l=za+ (n — l)r. 
Bat if the series is decreasing, the last term mast be 

/ z= a — (n — 1) r. 

Both these cases are, however, included in one, if W6 
sappose r to be negative when the series is decreasing. 

246. Corollary. In like manner any other term, such as 
the mth, is ' 

a-\- {m — 1) r. 

247. Corollary. By writing the series in an inverted 
order, beginning with the last term, a new series is found, 
of which the first term is /, and the common diilbrence — r. 
Hence the mth term of this series, that is, the mth term 
counting from the last of the given series, is 

/_(ot— l)r. 

248. Corollary, The sum of the mth term and of the 
mth term from the last is, therefore, 

[a + (m-l)r] + [/— (m-l)r] = a + /; 

that is, the 'sum of any two terms, taken at equal 
distances from the two extremes of an arithmetical 
series, is equal to the sum of the two extremes. 

249. Problem. To find the sum of an arithmeti- 
cal progression when its first term, last term,, and 
number of terms are known. 

StAutioH. In this case, a, /, and n are supposed to be 
known, and 8 is to be found. 
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To And the Sum of the Progre«tion. 

Suppose the terms of the Mt ies lo be written as follows 
first in the regalar order, and then in an inverted order : 

Of Of Cm • • • • Ib ra| • f 

If k, i, c, bf a. 

The sum of the terms of each of these progressions being S, 
the sum of both of ibem must be 2 iS, thai is, 

25= («+J)-KH-*)+(e-H) . . .+(f+e)-K*+»>f(H^). 

Bqt by the preceding corollary, we ha?e 

a'\'i:=:b'{^k=zc-\-i=i d&c. - 

Hence 2 i9 is equal to aa many times (a -|- /) as there are 
terms in the series, that is, 

28= (a4-/)«; 
or fif = J (a 4- « ; 
that is, the sum of a progression is equal to half th4 
sum of the two ea^tremes, multiplied by the number 
of terms. 

250. Corollary, From the equations 

/=a+(n-l)r, 

either two of the quantities a, /, r, n, and 8 can be deter 
mined when the other three are known. 

251. EXAMPLES. 

h Find the IQOth term of the series 2, 9, 16» 6lc. 

Ans. <W5. 

2. Find the sum of the preceding series. 

Ans, 34850. 

3. Find S, when a, r, and n are known. 

Ans, i8r= J[2ii + (ii — l)r]i^ 
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Example* in ProgreMion. 



4. Find n and S^ when a, /, and r are known* 

^ / — a . , 

Ans. n = f- 1 ; 

r ' 

5. Find the number and sum of terms of the series of 

which the flm term is 6, the last term T96, and the com- 

moti diferenee 10. 

Ans. The number of terms = 80, 

the sum = 32060. 

6. Find r, when a, /, and n are known. 

Ans. r = r. 

n— 1 

7. Find the common difference and sum of the fieries, of 
which the first term b 76, and the last term 15, and the 
number of terms 13. 

Ans, The common difference =: — 5, 
the sum = 585. 

8. Find r and it, when a, /, and 8 are known. 

28 
Ans, n =: — r— i, 

_ /a— <^ 

6. Find the common difference and number of terms of 

a aeries, of which the first term is 2, and the last term 346, 

and the sum 8675. 

Ans. The number of terms = 50, 

the common difference = 7. 
Hi Pmd I and n, when a, r, and 8 are known. 

Ans „_ v-[g>-^+(«-4r)'']-(a-|>-) 

r ' 

/ = V" [2r S-f- (a— 4 *-)«! — 4 r. 
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Examplei in Progrettion. 

11. Find the last term and number of terras of a series, 
of which the first term is 3, the common difference 4, and 
the sum of the terms 105. 

Ans, The last term = 27, 

the number of terms = 7. 

• 

12* Find a and n, when /, r, and S are known. 

r 

a = =fcv'[(^+Jr)a— 2ri8f] + ir. 

13. Find the first term and the number of terms of a 
series, of which the last term is 13, the common difference 
d, and the sum of the series 35. 

Ans. The first term = 1, 

the number of terms = 5. 

14. Find / and r, when a, n, and S are known. 

Ans, I = a. 

It 

2{S-an) 
'^— n(fi— 1) • 

15. Find the last term and common difference of a series, 
of which the first term is ], the number of terms 12, and 
the sum 100. 

Ans, The last term = 16, 

the common difference == 1^. 

16. Find a and r, when /, it, and S are known. 

A 2^ I 

Ans, a = I, 

It 

_ 2{ln—8) 
'•-n(it-l)- 
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Examines in ProgroMion. 

17. Find the first term and commou difference of a series, 

of which the last term is 50, the number of terms 20, and 

the Bom 600. 

Ans. The first term =: 10, 

the common difference = 2^^. 

18. Find a and S, when /, r, and n are known. 

^fis. a=zl — (n — 1) r, 

S=zi[2l—{n—l)r]n. 

19. Find the first term and sum of the terms of .a series, 
of which the last term is 100, the common difference ^, and 
the number of *erm8 51. 

Ans. The first term = 75, 

the sum of the terms = 4462^. 

20. Find a and I, when r, n, and 8 are known. 

Ant. ar= — — i(ii — l)r, 

21. Find the first and last terms of a series, of which the 

common difference is 5, the number of terms 6, and the 

sum 921. 

Ans, The first term :=: 41, 

the last term = 66. 

22. Find the sum of the natural series of numbers \. 

2, 3, &c. up to n terms. 

Ans. J n (ft -|- 1). 

23. Find the sum of the natural series of numbers froir 

1 to 100. 

Ans. 5050. 

24» Find the sum of the odd numbers 1, 3, 5, &c. up tc 

n terma 

Ans. n^ 
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Ezamplei in Progreaiioa. 

35. Find the sum of the odd oambers from 1 to 99. 

Ans. 3600. 

26. Find the sum of the even numbers 2, 4, 6, &c. up 

to n terms. 

Ans. fi (fi -|- 1). 

27. Find the sum of the e?en numbers from 2 to lOO. 

Ans. 2550. 

28. One hundred stones being placed on the ground, in 
a straight line, at a distance of 2 yards from each other ; 
how far will a person travel, who shall bring them one by 
one to a basket, .placed at 2 yards from the first stone t 

Ans. 11 miles, 840 yards. 

29. We know, from natural philosophy, that, a body 
which falls in a vacuum, passes, in the first second of its 
fall, through a space of 16^ feet, but in each succeeding 
second, 32^ feet more than in the immediately preceding 
one. Now, if a body has been falling 20 seconds, how 
many feet will it have fallen the last second ? and how 
many in the whole time 7 

Ans. 627^ feet in the last second, and 6433| leet in 
the whole time^ 

80. In a foundery, a person saw 15 rows of cannon-balls 

placed one above another, and asked a bombardier how 

liiaiiy balls there were in the lowest row. " Tou may 

easily eaksulate that," answered the bombardier. ** In all 

these rows togethej, there are 4200 balls, and each row, 

from the first to the last, contains 20 balls less than the 

one immediately below it." How many balls, therefore, 

were there in the lowest row ? 

Ans. 490. 

252. The arithmetical mean between several 
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Arithmetical Mean. 

quantities is the quotient of their sum divided by 
their number. 

Thus the arithmetical mean between the two quantities 
a und b ia half their sum, or | (a-\^b); that between the 
four quantities 1, 7, 11, 5 is 6. 

253. Problem, To find the arithmetical mean 
between the terms of an arithmetical progression. 

SchoUum. It is, by the preceding definition 

S 



or, since 

iSr - 4 » (a + /), 

it 18 

that is, half the $um of the extremes, and also, by art. 248, 
half the sum of any two terms at equal distances from the 
extremes. 

264 Problem. To find the fiirst and last terms of 
a progression of which the arithmetical mean, the 
number of terms, and the common difference are 
known. 

Sohtion. If we denote the arithmetical mean bj M, we 
have • 

which, substituted in the result of example 90, in art 361, 

gives 

a=:lf^J(» — l)r, 

/=ilf + J(ii— l)r. 

266. Scholium. In very many of the problems 
involving arithmetical progression, it is convenient 

17 
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Examples involving Arilhuieiicnl I rogression. 

to use. for one of the unknown quantities the arith- 
metical mean. 



256. EXAMPLES. 

1. Find five numbers in arithmetical progression whose 
sum is 25, and whose continued product is 945. 

Sohttion. Denote the arithmetical mean by M, and the 
common difference by r, and w« have, by art 254, 

25 

5 ' 

and 

the first term = if — 2 r =-5 — 2 r, 

the second term = M — r =5 — r, 

the third term = Jf =5, 

the fourth term = Jf -j- r = 5 -J- r, 

the fifth term = if -{- 2 r = 5 -f 2 r; 

and the continued product of these terms is 

(5 -a r)(5-r)5(5+r)(5+2r)= 8125-026 r*f20 r* = 945. 

Hence we find 

r = ± 2, or = ± \/ 54J ; 

and the only rational series satisfying the condition is, there- 
fore, 1, 8, 6, 7, 9. 

2. Find four numbers in arithmetical progression whose 
sum is 32, and the sum of whose squares is 276. 

Am. 5, 7, 9, 11. 

3. A traveller sets out for a certain place, and travelB 
1 mile the first day, 2 the second, and so on. In five days 
afterwards another sets out, and travels 12 miles a day. 
Hpw long and how far must he travel to overtake the first 1 

An$. 3 day^ aiwl 36 miles. 



«B. yn. § II.] GBOMBTRICAL PEOGRB88ION. 196 

Examples involviog ArithOMticai ProgreMion. 

4. Find fritr naiiibers in ariihmetical prpgresaion whose 
ram is 28, and cooiiiiued product 5S5. 

Ans. 1, 5, 9, 13. 

5. The sam of the squaree ffi the first i^iid l<k9t of four 
numbers in arithmetical progression is 200, and the sum of 
the squares of the second and third is 136 ; find them. 

Ans. 2, 6, 10, 14. 

6. Eighteen numbers in arithmetical progression are 
such, that the sum of the two mean terms is 31^, and the 
product of the, extreme terms is 85^. Find the first term 
j^d |he com9ioi;i difference. 

Ans, The first term is 3, 

the common difference is 1|. 



SECTION n. 

Geometrical ProgreMion. 

257. A Geometrical Progreesiofij of a pr^gr4ssimi 
hy quotients^ is a series of terms which increase or 
decrease by a constant ratio. 

a, ly n, and 8 will be used in this section as in the last, 
to denote respectivevy the first term, the last term, the nuror 
ber of terms, an<] the sum of the terms ; and r will be used 
to denote the constant ratio. 

258. Problem, To find the last term of a geomet" 
rical progression when its first term, ratio, and numr 
her of terms are known. 
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To find the lut Tenn and Snm. 

8obitum. In this case a, r, and n are gifen, to find / 
Now the terms of the series are as follows : 



a, ar, ar^, ar^ . . • d&c. *•, ar 



•-1 



t 



■0 that, the last or nth term ie 

that is, the last term is equal to the product of the 
first term by that power of the ratio whose exponent 
is one less than the number of terms. 

259. Problem. To find the sum of a geometri- 
cal progression, of which the first term, the rcMOf 
and the number of terms are known. 

Solution. We have 
iSf=a-|-ar-|-ar^-JT&6. .. . -|-ar»~*-|-ar*"i. . 
If we multiply all the terms of this equation bj r, we ha?e 

firom which, subtracting the former equation, and striking 
out the terms which cancel, we have 

r8 — Szziar^ — a, 
or 

(r — 1) 5 B a r* — a = a (r» — 1) ; 

whence 

ar» — a a(r^ — 1) 
r— i r — l 

Hence, to find the swn, multiply the first term by the 
difference between unity and thai power of the ratio 
whose exponent is equal to the number of terms, and 
divide the product by the difference between unity 
and the ratio. 
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flzunplet in Geometrical ProgreMion. 

260. Corollary. The two equations 

l=:iar'"'^ 

(r— l)fif = a(r" — 1) 

give the means of determining either two of the 
quantities a, /, r, n, and S^ when the other three are 
known. 

Bat it most be obsenred, that, since » is an eiponeDt, it 
can only be determined bj the solution of an exponential 
equation. 

261. EXAMPLES 

1. Find the 8th term and the sum of the first 8 terms of 
the precession 2, 6, 18, dtc, of which the ratio is 3. 

Ans. The 8th term is 4374, 
the sum is 6560. 

2. Find thq 12th term and the sum of the first 12 terms 
of the series 64, 16, 4, 1, J, dirC, of which the ratio is !• 

Ans. The 12th term is ^yirSf 
the sum is S&^Jif/^. 

3. Find 8, when a, /, and r are known. 

rl'^a 



Ans. 8 = 



TTTT- 



4. Find the sum of the geometrical progression of n^ich 
the first term is 7, the ratio }', and the last term If. 

Ans. 12^. 

5. Find r and 8^ when a, /, and n are known. 

17 • 
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£zainplM in peometrical Progreanon. 

6. Find the ratio and sam of the teries of which the 

first term ia 160, the laat term 88680, and the number of 

terms 6. 

Ans, The ratio is 3, 

the suiti is £8240. 

7. Find r, when a, /, and 8 are known. 

Ans* r = -= y. 

8. Find the ratio of the series of which the first term is 
1620, the last term 20, and the snm 2420. 

iifl5. |. 

0. Find a and 8, when /, r, and n are known. 

8=.J^r:iXr. 

10< Find the first term and sum of tlui series of which 
the hst term is 1, the ratio |, tnd the noilbcir of lienne 6. 

^fis. The first term is 16, 
the sum is 31. 

11. Find /, when a, r, and 8 are ksown. 

Ans. I ss 8 . 



18. Find the last term of the series of which the first 

term is 5, the ratio •(, and the sum 6^. 

Ans. ji^. 

13. Find a, when /, r, and 8 are known. 

Ana. a=:8—{8'^l)r. 

14« Find the first term of the series of which the last 

term ia ^, the ratio i, and the sum 6^ 

4 ns, 5. 
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Infinite Geometrical ProgreMion. 

16. Find a and ( when r, n, and 8 are known. 

(r— l)flf 
^~- « = r«_i > 

li= , ■> 

r» — 1 

16. Find the first and fast termi of the aeries of which 
the ratio is 2, the number of terms 12, and the sum 4095. 

Ans. The first term is I, 
the last term 2048. 

262. An infinite decreasing geometrical progres- 
aion is one in which the ratio is less than unity, and 
the number of terms infinite. 

263. Problem. To find the last term and the sum 
of the terms of an infinite decreasing geometrical 
progression, of which the first term and the ratio are 
known. 

Solution. Since r is less than unity, we may denote it 
by a fraction, of which the numerator is 1, and the denomi- 
nator r' is greater than unity ; and we have 

1 

Since, then, the number of terms is infinite, the formulas 
for the last term and the sum become 

/ b: a r«-i =: a X ss Oy 

rl-^a —a 



8^ 



r— 1 ""r — 1' 
a _ a»^ 
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Ezamplet in Geometrical ProgreMion. 

that is, the last term is zero^ and the sum is found 
by dividing the first term by the difference between 
unity and the ratio. 

264. Corollary. From the equation 

either of the quantities a, r, and iSf may be found, 
when the other two are known. 



265. KXAMPLliS. 

1 . Find the sum of the infinite professions of which the 

first term is 1, and the ratio ^. 

Ans. 2. 

2. Find the sum of the infinite progression of which the 

first term is 0*7, and the ratio 0*1. 

Ans. {-. 

3. Find r, in an infinite progression, when a and S are 
known. 

Ans. r z=, 1 —. 

4. Find the ratio of an infinite progression, of which the 

first term is 17, and the som 18. 

Ans. ^ 

6. Find a, in an infinite progression, when r and ^S^ are 

known. 

Ans. a z=i8 {\ — r). 

6. Find the first term of an infinite progression, of which 

the ratio is |, and the sum 6. 

Ans. 2. 



CH. YIU. ^ I.] COMPOSITION OF BQUATIONS. 901 



Form of any Eqattion. 



CHAPTER Vin. 

GENERAL THECMtY OF EQUATIONS. 

SECTION I. 
Compocition of Eqaatioiw. 

266. Any equation of the nth degree, with one 
tmknown quantity, when reduced as in art. llS, may 
be represented by the form 

ilar- + Bjr— i+Car— « + &c. +Af=0. 
If this equation is divided by A, and the coefficients 
-7, -7, d&Cy -J represented by a, &, d&c, m, it is reduced Is 

267. Theorem. If any root of the eqtiation^ 

is denoted by x', the first member of this equation is 
a polynomial, divisible by x — x\ without regard to 
the value of z. 

Proof. Denote % — x' by x^\ tbat is, 

* 

or 

« = «' -f- %^\ 

If this value of z is substituted in the given equation, if 
P xtW'iA used to denote all the terms multiplied by 2(^1, or 
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Form of any Equation. 

by anj power of x^^J, and Q used to denote the remaining 
terms, the equation becomes 

Now the given eqtatien is, bf bjpoihesis, satisfied by the 

▼alue of X. 

« =r «*, 
or 

«f" = Oj 

by which the preceding equation is reduced to 

Q=0. 

The terms not multiplied by %^\ or a power of zti>, Host, 
therefofe, cancel each other ; and the first member of the 
gi?en equation becomes 

which is divisible by zi'i, or its equal x — ^x'^ 

268. CoroUary. The preceding division k easily tffibcted 
by rablracting from the polynomial 

«» -|- a x*""i 4" ^ «*~^ + fcc- + «> 
the expression 

which does not affect its value, but brings it to the (orm 

of which each term is, by art. 49, divisible by x — tf. The 
quotient is, by art. 50, 

+ * I --6x' 

269. CoroUary, The first term of the preceding quotient 
is x*~i; and if the coefficients of x*""^, «»""•, &c., are 
ienoted by a', 6', d&c, the quotient is 

x»-l -f a' «*-» -f- 6' x«-8 + d&c. ; 
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Number of the Rooti of an Equation. 



and the equation of art. 267, is 

(x — X') (»*-i + a' a^-» -f- i' ««-3 + &c.) = ; 
which is satisfied either by the value of x, 

or by the roots of the equation 

x»-i -[- a' x*-s + 6' a* - 3 -|- &c. = 0. 

If now xf' is one of the roots of this last equation, wa 
have in the same way 

JC"-» +a'2*-«-f &c. z= (z— x")(a?''-3 + a"x*-3 + dLc.) = 0, 

and the given equation becomes 

{x—7f) {x — s") («'»-«+ a" «•-» + &€.) = 0; 

which is satisfied by the value of tf\ 



X = x" 



so that z'' is a root of the given equation. 

By proceeding in this way to find the roots a:^, 
x^, &c., the given equation may be reduced to the 
form 

{x — a/){x — af'){x — a/''){x — x^)Scc = % 

in which the number of factors x — sf^x — a:", &c. 
is the same with the degree n of the given equation ; 
and, therefore, the number of roots of an equation is 
denoted by the degree of the . equation ; that is, an 
equation of the third degree has three roots, one of 
the fourth degree has four roots, &c. But all these 
roots are not necessarily real or rational ; they may^ 
on the contrary^ be irrational or even imaginary. 

270. Scholium, Some of the roots x', x", a?"', &c., are 
often equal to each other, and in this case the number of 
unequal roots is less than the degree of the equation. 
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Imaginary Roots. 

Thus the number of unequal roots of the equation of the 

9th degree, 

(«-7)(* + 4)8(x-l)« = 0, 

is but three, namely, 7, — 4, and 1, and yet it is to be re- 
garded as having 9 roots, one equal to 7, three equal to —4, 
and five equal to 1. 

271. Corollary. The eqaation 
would appear to have but one root, that is, 

n 

but it mu8t| by art. 269, have n roots, or rather, thm 
nth root of a must have n different fmluee* 

« 

272. KXAMPLES. 

1. Find the two roots of the equation 

x« = 1. 

Ans. jB= ly or :b— -!• 

3. Find the three roots of the equation 

ShkUoH. Sinee one root of this eqaation is 

«=s 1, 
the equation 

zs _ 1 =. 

roust be divisible by z — 1, and we have 

«»— 1 = (« — !) («« + « + 1) = 0. 

Now tJDe roots of the equation 

««-f« + l=0 
ate 

« = J(-.l+v'-3),ahd=i(— 1— v-8). 
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Imaginftrj Roots. 

Hence the reqaired roots are 

, = |, = J(_l+v'-3),and = J(— 1— v^—S), 

3. Find the four roots of the equation 

x4= 1. 

SobUioH, The square root of this equation is 

«^ = + l, or = — 1; 
so that the required roots are 

x = l, = — I, = v/ — I, «nd = — ^/ — 1. 

4. Find the 67e roots of the equation 

x*= 1. 

SobUum. Since one root of this equation is 

x = l. 
the equation 

must be diftsible bj X — 1, and we have 

x«— 1 = (» — l)(x4 + x» + x«+«+l)=a 
Now the roots of the equation 

can be found by the following peculiar process. 
Divide by x*, and we have ^ 



If we make 



we have 



and 



, 1 



y'=«'+2+i. 



«'+i = y»-2: 



18 
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Solution of Equations of a peculiar Form, 
which, being substituted in the preceding equation, gives 

5^^ + y — 1 = 0; 

the roots of which are 

y = J(— 1 + ^5), and =i(— 1 — ^6). 

But the values of x deduced from the equation 

. 1 

y=x + -. 

or 

x« — yx= — 1, 
are 

*= i [y + V (y«-4)]. and = i [y-v^(y«-4)], 
m which y, being substituted, gives 

•x=i[-l-V5±>/(-10+2V5)], 
airt = J[— 1 — v5±\/(— 10+2v'5)]. 

5. Find the six roots of the equation 

x«= 1. 

Ans. «=!, = — 1,==4(—1±\/— 3), 

and«^|(l±V^— 3). 

We might proceed in the same way to higher equations, 
such as the 8th, 9th, 12lh, d&c. ; but, since much more 
simple, solutions are given by the aid of trigonometry, this 
subject will be postponed to a more advanced part of the 
course. 

273. Corollary. Before proceeding farther, we 
may remark, that the method of solution used in the 
last example of the preceding article may be applied 
to any equation of an even degree, in which the 
successive coefficients of the different powers of jr 
are the same, whether the equation is arranged ac- 
cording to the ascending or according to the descend- 



cm. Tin. ^ I.] OOMPOBITION OF K^VATIONI. 907 

Solution of Equations of m peculiar Form. 

lug powers of or, as is the case in the following equa- 
tion. 



274. EXAMPLES. 

1. Solve the equation 

Solution, Divide by z^, and we have 

and, if we make * 

we have 

and 

the roots of which are 

y ^ , 

which are to be aubstitated in the-Talues of x, 
dedaced from the equation 

2. Solve the equation 

a^ -^3x5^7 X* + 6x8 — 7a» + 3ic + 1=0. 
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Sohitian* Divide by afi, and we have 

and if we make 
we have 

and the eqaation becomes, by substitution, 

y3 + 3ya— 10y = 0. 
The roots of this equation are 

y = O; = 2, and = — 6 ; 
and, therefore, the values of x are 

x = d=v'— 1, = l,orz=J(— 6zhv^21). 

3. Solve the equation 

x8 -}- 2 x* — 6 i< + 2 «« + 1 = 0. 

Ans, « = =t l,or=±J v(— 5i±\/3). 

4. Solve the equation 

2«* — 3*3 — x» — 3« + 2=:0, 

Ans, « = 2, or = J, or = J(— 1±\/— 3). 

275. Corollary. It follows, from art. 269, that an equa- 
tion of the second degree has two roots, both of which are 
given by the process of art. 230; and if the equation is re- 
duced to the form 

«» -f a a? + 6 = 0, 

and the roots denoted by x' and x"^ we have 
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But the product (x — x') (x — 2^') being arranged according 
to powers of x, is 

which, being compared with its equal, 

«» -|- a X -|- &, 
gives 

— (a?' + x") = a, 

X' x" = 6 ; 

that is, the coefficient of x is the negative of the sum 
of the roots of equation, and the term which does 
not contain x is the product of the roots. 

276. Corollary, If the roots of the general equation of 
the third degree 

aj8_^aap« + 6x+ c = 

are denoted by 

«', x«, »"', 
we have 

x3-j-ax« + 6x + c = (x— x')(«-ift")(* — *"0 = ®- 
But the product 

(x — x*) (x — x") (x — «"') 

is, when arranged according to powers of x, 

«3— (x'+x"+«'")x»+(x'x"-|-x'ar"'-f«"a?"')a?— x'«"«"»; 

whence, by comparison with the given equation, we have 

a = — («' + x" + x'")i 
6 = X' «" + x' %'" + x" X'", 
c = — x' x" X'" ; 

that is, the coefficient of a^ is the negative of the 
sum of the roots, the coefficient of x is the sum of 
the products of the roots multiplied together two 
and two, and the term which does not contain x is 
the negative of the continued product of the roots 
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To find the Equal Roots. 

277. Corollary. It may be shown in the same 
way that, in the equation 

the coefficient of t^"^ is the negative of the stint of 
the roots ; the coefficient of x"^"^ is the sum of the 
products of the roots multiplied together two and two ; 
the coefficient of x"^"^ is the negative of the sum of 
the products of the roots multiplied together three 
and three ; and so on, the last term, being theprO' 
duct of the roots when n is even, and the negative 
of this product when n is odd. 



SECTION n. 

Elqual Roots. 

278. Problem. To find the equal roots of an 
equation. 

Solution, Let x* be one of the equal roots which occurs 
n tiroes as a root of the given equation, the first member of 
which is therefore divisible by {x — »')*. If the quotient is 
a function of n denoted by JT, the equation is, then, 

(x — aj')« jr = 0. 

The derivative of this first member is, as in art. 177, 

provided that T is the derivative of X. The factor x — x' 
occurs, then, (n — 1) times in this derivative of the first 
member, that is, once less than in the first member itself. 
The greatest common divisor of the first member and its 
derivative must, therefore, consist of the factors {x — x') of 
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the first member, each being repeated ODce less than in th^ 
first mMnber. No one of th6m is, then, a faotor of the 
commcHi divisor, unless it is more than once a factor of the 
first member, that is, unless It corresponds to one of the 
equal roots. 

The equal roots of an equation are^ therefore^ ob- 
tained by finding the greatest common divisor of its 
first member and its derivative, and solving the 
equation obtained from putting this common divisor 
equal to zero. 

870. Corollary. The common diTisor must, it- 
self, have equal roots, whenever a root is mare than 
twice a root of the given equation. 



280. EXAMPLES. 

1. Find all the roots of the equation 

x3 — . 7 x2 _[- 16 X — 12 = 
which has equal roots. 

Solution, The derivative of this equation is 

3 x9 — 14 a? -f 16, 

the greatest common divisor of which and the given first 
member is 

« — 2. 
The equation 

« — 2 = 0, 

gives 

x = 2. 

Now since the given equation has two roots equal to 2, it 
must be divisible by 

(x — 2)9t=a^ — 4»+4, • 
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uid we have 

jr3_7x^-j. 16«— 13= (x — 3)« («— 3) = 0; 

whence 

x=3 

18 the other root of the given equation. 

3. Find all the roots of the equation 

x7_9«» + 6«< + 15 x3_ 12 x« — 7x4-6 = 

which has equal roots. 

Slfhition. The derivative of this equation is 

7««— 46 x*+ 24x3^45 a;a_24« — 7, 

the greatest common divisor of which and the given equa- 
tion gives 

which is an equation of the third degree, and we may Con- 
sider it as a new equation, the equal roots of which are to 
be found, if it has any. 

Now its derivative is 

3«« — 3* — 1, 

and the common divisor of this derivative and the first mem* 

her gives 

X — 1 = 0, or « = 1. 

Hence the first member of 

must be divisible by 

and we have indeed 

as_a« — «+l = (x— !)«(»-(. 1) = 0. 
The equal roots of the given equation are, therefore, 

« = 1, and = — 1; 
and its first member is divisible by 

(X -!)»(«+ 1)«. 
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and 18 found by di? ision to be 

(ar— 1)3 (« + 1)« («• + « — 6). 

The remaining roots are, therefore, found from solfing the 
quadratic equation 

jpS 4. ff — 6 = 0, 

which gives 

« = 2, or = — 3. 

3. Find all the roots of the equation 

c3 ^ 3 jpS _ 9 a; — 27 = 

which has equal roots. 

Ans. 9 = 8, or ss— -8. 

4. Find all the roots of the equation 

c3_ 15 aA^75«— 126 = 

which has equal roots. 

Ans. « = & 

5. Find all the roots of the equation 

which has equal roots. 

Ans. « = 1, or == 2, or = 3 

6. Find all the roots of the equation 

a4_2a3 — 69a« + e0« + 900 = 

which has equal roots. 

Ans, x^ 6, or = —6. 

7. Find all the roots of the equation 

a?« — 64^ — 8jp — 3 = 

which has equal roots. 

Ans, « = 3, or s= — 1. 

& Find all the roots of the equation 

aj4^12^+54a«+108« + 81=0 

which has equal roots. 

Ans. « = — 8. 
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9. Find all the roots of the equation 

wUcb has eqmd loolta, 

ilfi5. « = lb 1| or ss 8» 

10. Find all the root« of the equation 

x«_6a?*-f 4«3^9«»— 12« + 4 = 

which has equal roots. 

Ans. « = 1, or = — 2. 

. 11. Find the equal roots of the equation 

Ans. X s= 1, or ss 2. 

SECTION m. 

Heal flo9f«. 

» 

28 L TTieorem. When an equation ts reduced^ 
as in art. 266, and the values of its first member^ 
obtained by the substitution of two different numbers 
for its unknown quantity^ are affected by contrary 
signs, the given equation must have a real root comr 
prehended between these two numbers. 

Proof For, if the value of the less of the two numbers, 
which are substituted for the unknown quantity is supposed 
to be increased by imperceptible degrees until it attains the 
?alue of the greater number, the value of the first member 
must likewise change by imperceptible degrees, and must 
pass through all the intermediate values between its two ex- 
treme values* But the extreme values are affected with op- 
posite signs^ so that zero must be contained between ^hem, 
an4 n|ijst b^ 09(9 of the values attained by the first member ; 
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thai by there must be a number which, subitituled ia the 
first member, redaeea it to zero, and this number ia coase* 
quently a root of the given equation. 

282. Corollary. If the given equation has no real 
rooty the value of its first member vnll always be af- 
fected by the same sig7i, whatever numbers be sub-- 
stitutedfor its unknown quantity, 

283. Theorem, When an uneven number of the 
real roots of an equation are comprehended between 
two numbers J the values of its first member obtained^ 
by substituiing these numbers for z, must be ejected 
with contrary signs ; but if an even number of roots 
is contained betweefii them, the values obtained from 
this substitution must be affect^ with the same sign. 

m 

Proof. Denote by «', a/', x"' &c. all the roots of the 
given equation which are contained between the given num- 
bers p and q ; the first member of the given equation must, 
by art. 269, be divisible by 

(a? — «') (a? — aj'O (a? — «"') &c. 

If we denote the quotient of this division by^ F, the equation 

r5=o 

gives all the remaining roots of the given equation, so that 

cannot have any real root contained between p and q* 
The given first member being, therefore, represented by 

(« — a:') (« — «") (* — *"0 •• -X ^ 
becomes 

(P—«')(P— «")(?—«'") X T', 

wnen we Mibstitute p for x, and denote the corresponding 
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Talue of Y by Y* ; and when we substitate q for x, and de- 
note the corresponding ralue of Y by F", it becomes 

{q — x') {q — X") (gr — a?"') X F'. 

The quotient of these two results is 

{p-x'){p^x"){p-x'^')...\.Y' 
(g _ X') (g — X") {q — x"0 . • . . Y*!' 

which can be written 

p-^ p^ p^^^^ zi 

Now since each of the roots x\ x", x'*\ &c., is included 
between p and q, the numerator and denominator of each 
of the fractions 



p — 9* p — X* 2_ 



— X'" 



&c., 



q^x^* q — x"' q — x"" 

must be affected with contrary signs, and therefore each of 
these fractions must be negative. 

But since Y' and Y" most, by art. 282, have the same 

sign, the fraction 

Y' 

is positive. 

The product of all these inactions is therefore posUwt^ 
when the number of the fractions 

q — xf* g^x"'*'''" 

is evcfi, that is, when the number of the roots, «', x"^ 7b^'\ 
&/C., is even ; and this product is negativey when the num- 
ber of these roots is uneven. The values which the given 
first member obtains by the substitution of p and g for x 
must, consequently, be affected with contrary signs in the 
latter case; and with the same sign in the former case. 
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284. Theorem, Every equation of an uneven 
degree^ has at least one real root affected urith a sign 
contrary to that of its last term, and the number of 
all its roots is uneven. 

Proof. Let the equation be 

• x* -J- a X*"" ^ + ^^' . • . -|- w ^ 0, 
in which n is uneven. 

First, to prove that there is a real root, and that the 
number of real roots is uneven. Every real root must be 
contained between -|~ ® ^^^ — ^* ^o^ ^h® substitution 
of 

« 

gives the value of the first member 

0D*+ aoD*~i+ 6oD»""*4"^^- ..• + «; 
the first term of which is infinitely greater than any other 
term, or than the sum of all the other terms. The sign 
of this result is therefore the same as that of its first term, 
or positive. 

Again, the substitution of 

X = — -QD 

gives, since n is uneven, 

— OD» + flaD»"^ — 6 (»»"•« + d&o. . ..-|*">f 

which may be shown by the above reasoning to be rugaiive. 

The given equation must then, by art. 281, have at least 
one real root, and by art. 283, the number of its real roots 
must be uneven. 

Secondly. To prove that one, at least, of the real roots 

is affected with a contrary sign to that of the fast term. 

The substitution of 

x = 0, 

reduces the given first member to its last term m. 

19 
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Compa^ifig this with the above results, we it^h tblt^ t!* m 
is posit ioe, the given equation must, by art Si61, have ft teid 
root contained between and — od, that is, a n^eUwe toot ( 
but if m is negative, there must be a real root contained 
between and -|- cx>, that is, a positive root ; so that there 
must always be a root affected with a sign contrary to that 
of m. 

286. Theorem, The number of real roots if 
there are any, of an equation of an even degree 
must be even^ and if the last term is negative^ there 
must be at least two real roots, one positive and the 
other negative. 

Proof Let the equation be 

i*-j-iiaP*-i-f-6x*-» + dtc. ...-^m^zO, 

m which n is even. 

JFHrsi. To prove that the number of real roots ts even. 
The substitution of 

gives for the value of the first member 

which is positive. 
The sobaititution of 

X = GO 

gives for the value of the first member 

which is also positive, 

flenee, if the given equatioil has any real root, there 
nMnt, by krt. 299, be an even number of them. 

Secondly. To prove that when m is negative, there must 
be two real roots, the one positive, the other negative. The 
substitution of 
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reduces the gitea first member to its Itst term m, and this 
result is therefore negative m the present case. 

Comparing this with the above results, we see that there 
must be a real root between and -f- qd, and also one be- 
tween and — OD ; that is, the given equation has two real 
roots, the one positive and the other negative. 

286. Corollary. Since the number of real roots 
of an equation of an uneven degree is uneven, and 
that of an equation of an even degree is even, the 
number of imaginary roots of every eqiiatiouj which 
has imaginary roots, must be even. 

287. Theorem. The number of real positive roots 
of an equation is even, when its last term is post- 
tive ; and it is uneven, when the last term is nega^ 
tive. 

Proof. The substitution of 

gives, for the first member of the given equation, a positive 
result ; while the substitution of 

Mduees the first toember to its last term. 

Hence if this last term is positive, the number of real 
roots contained between and od, that is, of positive roots, 
must, bj art. 283, be even ; and if this last term is negative, 
the number of these roots must be uneven. 

288. TJieorem. If a Junction vanishes, thai is, 
is equal to zero for a given value x' of its variable 
X ; the function and its derivative must have like 
signs for a value of tha variable which exceeds x' by 
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an infinitely small quantity, and unlike signs for a 
value of the variable which is less than 'x! by an in^ 
finitely small qtuintity. 

Proof. Let the given function be u, and its derivate {/, 
and, as in art. 176, when the variable is increased by the 
infinitesimal t, the function becomes 

u+ Ui. 

This value of the function, when 

« = 

is reduced to Ui^ which has, obviously, the same sign 

with U. 

In the same way when the variable is decreased by t, the 

function becomes 

u—Ui, 
which, when 

11 = 0, 

is reduced to — Ui^ having the opposite sign to C/*. 

289. Definition, A pair of two successive signs 
in a row of signs, is called a perm^inenee when the 
two signs are alike, and a variation when they are 
unlike. 

290. Sturm's Theorem. Denote the first member 
of the equation 

a:* + a ar*-* + &c. = 

by u and its derivative by U. Find the greatest 
common divisor of u and U, and, in performing this 
process, let the several remainders which are of con- 
tinually decreasing dimensions in regard to x, be de- 
noted, after reversing their signs, by 
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Find the row of signs corresponding to the values 
of 

for any value f of the variable, and also for a vdue 
9 of the variable. 

The difference between the number of permanences 
of the first row of signs, and that of the second, is 
exactly equal to the num,ber of real roots of the given 
equation comprised between p and q. 

Proof The method in which U*, U'\ d&c, are obtained 
gives, at once, by denoting the saccessiTe quotients in the 
process by m, mf^ d&c. 

tt = m V — V* 
U = m' U' — U" 

U' = mf' U" — V* 

&.C. 

First. Two successive terms of the series cannot vaij^bh 
at the same time, except for a value of x which is one of 
the equal roots of the given equation. For when U'* and 
U'"^ for instance, are zero, the equation 

U' ^m U" — U'" 
gives 

and, in the same way, it is shown that 

Uz=i and 11 = 0, 

so that the function and the derivative are both zero at the 
same time, which, by art. 278, corresponds to the case of 
one of the equal roots of the equation. 

Secondly. If any term of the series, except the first oi 
last, has a different sign in the row corresponding to the 
value p of the variable from that which it has in the row 

19 • 
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eorresponding to the value q of the fariaUe, it miMt, by art. 
281, vanish for some value of the variable contained be- 
tween p and q. But for this value of the variable, the pre- 
ceding term moat have a difiereot sign from the •uooeediog 

term ; thus, when 

17"=0 
the Mfuation 

U' = m" U*' — U*" 
gives 

U'=z— U'". 

By the change of sign which the term undergoes in vaniah- 
log, therefore, it can only change from formiBg a peraian- 
eoce wiih one of its adjacent terms to forming one with the 
other of these terms, and the change of sign of a term, 
which is neither the first nor the last of the series, does not 
increase or ddminish the number of permanences of the row 
of signs. 

Thirdly. When the first term u of the series, in chang- 
ing its sign, vanishes, while the second term U does not 
\anish, the corresponding value of the variable is^ by art. 
278, a root of the equation which is not one of the equal 
roots. If, moreover, the variable is decreasing in value^ the 
signs of these two terms constitute a permanence before the 
change and a variation after the change. When the van." 
able, therefore, in decreasing passes through a value which is 
one of the unequal roots of the equation, the number of per" 
manehces in the row of signs is increased by unity. 

Fourthly. When the given equation has no equal roots, 
u and U can, by art. 278, have no common divisor^ and 
therefore the last term of the series will not contain the 
variable ; it must, therefore, be of a constant value and no 
change of sign can arise from it. In this case, then, the 
number of permanences must by the preceding division of the 
proof he greater in the row whi^h corresponds to the greater 
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of the two Umits p and q, than in the row which carre^ 
spands to the less of these two limits, by a number which is 
exactly equal to the number of real roots contained between 
p and q. 

Fifthly. When the given equation has equal roots, u and 
ZI must, by art. 278, have a common divisor which will be 
the last term of the series. This divisor mutt also, by art. 
59, be a divisor of all the other terms of the series ; and 
if the series is divided by it a new series 

», F, F', F", &c., 

is obtained, which has in all cases either the same signs 
as the given series or the reverse signs, so that each pair 
of successive signs is of the same name, whether perma- 
nence or variation, in each series. And by dividing the 
equations before ibund by this same common divisor, they 

become • 

» z= m V —V 

F=»' F'— F" 

&c. 

The first term of the new series has, by art. 278, the same 
roots with the given series except that it has no equal roots, 
and the last term is unity. The reasoning of the preceding 
portion of this article may, therefore, be applied to the new 
series ; and it follows that the theorem is applicable to the 

case of an equation which has equal roots, as well as to one 

* 

which has unequal roots, 

291. Corollary. If infinity is substituted for p 
and negative infinity for q in the series of divisors, 
the resulting rows of signs show at once the whole 
number of real roots of the given equation. 
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292. EXAMPLES. 

1. Find the number of real roots of the equation 

2 «< — 20 « -f 19 = 
and also the number contained between 1 and 2. 

SohtHcn, In this case, we ha?e 

ti = 2a?<— 20z + 19, 
tr=8«3 — 20; 

and by the method of the common divisor 



— 2 2«. 



2 «« — 20 ar + 19 
2«<— 5x 


2*3 — 5 


— 15 « -1- 19 


3 


x» — 75 

- 30 x3 — 38 x» 


• 


- 


- 38 ar« — 75 

- 570 x»— 1125 
570 x2 722 X 




722 X— 1125 
10830 X — 16875 
10830 X — 13718 



— 38* 



— 722 



— 3157 

U* = 15 X -- 19 
U" = 3157. 

When, therefore, x = qd the row of signs is 

and when « = — qd, it is 

there are then two real roots. 

Again when x = 2, the row of signs m 

+.+.+. + ; 

and when x = 1, it is 

the two real roots are therefore both between 1 and 2. 
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2. Find the namber of real roots of the equation 

Sohiiian. In this case, we have 

11 =1 x^ -\- ax -{- b 

t^ == 3 x« + c 

lP = —2ax-^Sb 

JFirsi case. When a is such that U'^ is ne^rati? e, that ia 
when 
-4a3<;2769,or— 2Va5<J6»,or(-io)8<(4ft)8 

the row of signs when x = qd is 

+, 4:> T (t^c reverse of a), — ; 
and when 9 as — oo it is 

— • +, ± (like a), — , 

80 that there is only one real root. 

The row of signs when 9 s= is, when 6 is positive, 

+, d= (like a), — , — , 

so that, in this case, the real root is negative. 

This row, when h is negative, is 

— , =fc (like a), +, — , 

so that, in this case, the real root is positive, which agrees 
with art 284. 

Second cctse. When a is negative and of such a value that 

(i 6)» = - (i «)8, 
that IS 

U»' « 0, 

in which case the equation has the equal root, obtained from 

the equation 

U' = —2ax — Bb = 
or 

— 36 

*-~^:2^* 
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and in this case the row of signs when jr 3= qd Is 
and that when x = — qd is 

80 that the two different roots of the equation are, in thb 
case, real. 

The row of signs when » = is 

db (like h), — , =f: (onlikei) ; 

80 that one of the roots is positive and the other negatire. 

Third case. When a is negative and of such a value that 
U'* is positive or 

in which case, the row of signs when s = qd is 

and when x = •— qd it is 

^^9 "r"-# ""^9 "T" • 
80 that all three of the roots of the tequation are real. 

The row of fignfl when x = is 

± (like b), ^, =F (like 4), — . 

If, then, b is positive the equation has one positive real root 
and two n^ative .Dnes.; and if 6 is negative, it has two posi- 
tive real roots and one negative one. 

3. Find the nmnher of real jroots of Ihe equation 

or 4- « =5 ». 

Solutian, In this case, we have 

tt = z** -[- a 
U = n a5»-^ 
U^=z — a. 

■ 

First case. If n is even, the row of signs, when x s= as 
Is, then, 

+» +, :t= (unlike a) ; 
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when X = -^ Qo it is 

+, — , T (uulike a) ; 

80 that there is no real root when a is positive, and two 
real roots when a is negative, which agrees with art. 285. 

Second case. If re is odd, Ihe row of signs when a; = od 
is 

-J-, +, =F (unlike a) ; 

when X = — qd it is 

— , -f, If: (unlike a) ; 

so that, in either case, there is only one real root, which is^ 
by art. 284, of a sign unlike that of a. 

4, Find the number of rea) roots of the equatigm 

a;* -f- ^ * "f" ^ = ^• 
JSIoliftwn. Ip this case, we have 

U =n x*"^ -f- a, 

U' = — (n — 1) a x—nb, 

17"= — fl» (n — 1 )* - ^ — »• (— 6)»-i. 

First case. Whon n is even and greater than 2, and U" 
positive, that is, when h is positive, and 



{^'<-^r- 



the faw of m^^jai^ when x s= od is 

+, +, q= (unlike «), + ; 
when X =. — qd it is 

+, — , ± (like a), + ; 
so that when a is positive, there is no real root, and when 
a is negative there are two real roots. In the latter case, 
the row of signs when a? =s is 

SO that both the real roots are positive 
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Second can. When n is even and greater than 2, and 
V" zero, that ii when b is positive and 

in which case, there is the equal root 

The row of signs when x = od is 

+, +, =F (unlike a) ; 
when X =: -— QD it is 

+, — , ± (like a) ; 

so that in either case there is no other real root than the 
above equal root 

TJwrd eon. When fi is even and greater than 2, and V 
negative, that is, 

(7y>(.4-.p 

the row of signs when x = qd is 

+, +»=F (unlike o),—; 

when X = — it is 

-f , — , ± (like a), — ; 

so that when a is negative there is no real root, and when a 
is positive there are two real roots. In the latter case, the 
row of signs when x = is 

± (like 6), +> ^ (unlike ft), — ; 

so that when ft is positive, both the roots are negative, and 
when ft is negative, one of the roots is positive and the other 
negative, which agrees with art. 2S7. 

Ftmrth case. When n is odd, and U" positive, that is, 
when a is negative and 



(-7y>c4,r'^ 
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in which case, the row of signs when x := oo is 

+,+.+. + ; 

when z = — qd it is 

-.+.-. + ; 

80 that the equation has three real roots ; the row of signs 
when x = is 

± (like 6). — . =F (unlike 6), + ; 

so that when 6 is ^negative, one of the real roots is posi- 
tive and the other two negative ; and when b is positive, 
one of the real roots is negative and the other two posi- 
tive. 

Fifth case* When n is odd, and U'' zero, that is, when 
a is negative and 



(-0"=(.4i)-'. 



in which case', there is the equal root 

nb ^ ""} . a 

* — _(ii-.l)a "" V ~ ^' 

the row of signs when 9 = oo is 
when z = — 00 it is 

80 that there is another real root besides the above equal 
root. The row of signs when x =^0 is 

db (like 6), — , q: (unlike b) ; 
BO that one of the roots is positive and the other negative. 

Sixth case. When n is odd, and U*' negative, that is, 



(-:^)-<(^)-'. 



20 
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in which case, the row of eigns when c ^ od is 

+, +, =F (unlike a), — ; 
when z = — qd it is 

— , +. dtz (like a), — , 

so that there is only one real root^ which, bj art. 284, has 
1 sign contrary to that of its last term. 

4. Find the numbef of real roots of the equation 

xS--6i:^ + 19x — 44 = 0. 

Ans. It has one positive real root. 

5. Find the nam her of real roots of the equation 

«4_i0a!3 + 36ai« — 50x+24z=0. 

Ans, It has four positive real roots. 

6. Find the number of real roots of the equation 

af4^aj3 — a4«» + 43« — 21 = 0. 

Ans, It has three positive real roots and one negative 

one. 

7. Find the nurabcir of real roots of the equation 

Ans, One positive root and one n^ative root. 

% 

293. Sturm's theorem is perfect in always giving 
the number of real roots, but often requires so much 
labor, that theorems, which are much less perfect, 
may be used with great advantage. 

294. Stern^s Theorem, Denote the first member 
of the equation 

by u and its first, second, d&c. derivatives by U^ U\ 
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Find the row of signs carrespondiog jto the ralues 
of 

u, U, U', V\ &c., 

for any value p of the variable, and also for a value 
q of the variable. 

The number of real roots of the equation^ conir 
prised between p and q, cannot be greater than the 
difference between the number of permanences of the 
first row of signs and that of the second row. 

,Pr4>of First, It maj be shown as io the third division 
of the proof of art. 290, that one permanence at least is 
always lost from the row of signs when the variable in de^ 
creasing passes through a value which is one of the roots of 
the equation. 

Secondly, When any term of the series except the first 
or the last, vanishes, it passes, by art 288, with the de- 
creasing variable, from having the same sign with its deriv- 
ative, which is the next term of the series, to having the 
reverse sign of it. Even then, if it had before the change 
the reverse sign of tbe preceding term and afler the change 
the same sign, it introduces a permanence which is only 
sufficient to take the place of the other permanence which 
is lost. The number of permanences of the row of signs is 
not, therefore, augmented by the vanishing of such an inter" 
mediate term. 

Thirdly. The last term of the series must be constant, 
lor the number of dimensions is diminished by each deriva- 
tion ; and, therefore, as x decreases from a value /? to a 
smaller value q, the number of permanences of the row of 
mg^ nHial be diminished by as large a number at least as 
the number of roots comprised between p and q. 
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295. Definition. An equation 

ar* + a j:'— ^ + &c. + Ara;^ + Aror -f- / = 0. 

is said to be complete in its form^ when it contains 
terms multiplied by every different power of x from 
the highest to unity, and also a constant term, such 
as /. 

296. Descartes^ Theorem. A complete equation 
cannot have a greater number of positive roots them 
there are variations in the row of signs of its termSf 
nof a greater number of positive roots than there are 
permanences in this row of signs. 

Proof If the equation is that of art 295, the valnes of 
M, U, U', &c. in art. 294, are 

i;' = nx*-i + (« — l)ai»-9 + &c. + 2Az + Ar. 
i;''=»(n-l)«»-a+(ii— l)(ii-2)ax«-3+&c.+2» 

The row of si^ns when jp = go .is 

+» +» +» +> +» ^c., 
consisting wholfy of permanences. 

When X =z — qd it is 

±, q=, ±, =F, &©.» 
in which the upper row of signs is used when n is eveo, 
and the lower row when n is odd. In either case, this row 
consists wholly of variations. 

The row of signs when z = is 

± (like /). ± (like k), ± (like 2 A) 

that is, it is the same as the row of signs formed by the 
terms of the equation taken in the inverse order. 
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The limit of the number of positive roots is, therefore, by 
art 994, equal to the excess of the whole number of pairs 
of saccessiYO signs of the terms, over the number of per- 
manences ; that is, it is equal to the number of variations ; 
and in the same way, the number of negative roots cannot 
exceed the number of permanences. 

297. Corollary, The whole number of successions of 
signs of an equation, that is, the sum of the permanences 
and variations, is one less than the number of terms, or the 
same as the degree of the equation, that is, the same as the 
number of roots. 

If, therefore, all the roots are real, the number of 
positive roots must be the same as the number of 
variations, and the number of negative roots must be 
the same as the number of permanences. 

298. Scholium. Whenever a term is wanting in 
an equation, its place may be supplied by zero, and 
either sign may be prefixed. 

299. Corollary, When the substitution of -j- 
for a term which is wanting gives a different num- 
ber of permanences from that which Ts obtained by 
the substitution of — 0, and consequently a differ- 
ent number of variations also, the equation must 
have imaginary roots. 

300. Theorem, When the sign of the term which 
precedes a deficient term is the same with that whic\ 
follows it, the equation must have im>aginary rootf. 

Proof. For if the terms which precede and follow the 
deficient term are both positivcy the substitution of -f- 
gives two permanences ; while the substitution of — f gives 
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two variations. The reverse is the case when both these 
terms are negative. The equation roust, therefore, ip either 
case, have imaginary roots. 

301. Theorem. When two or more successive 
terms of an equation are wanting^ the equation 
must have imaginary roots. 

Proof. For the second deficient term may be supplied 
with zero affected by the same sign as that of the term pre* 
ce<Hng the deficient terms ; and the first deficient term is 
then preceded and followed by terms having the same sign, 
so that there must, by the preceding article, be imaginary 
roots. 

302. Theorem. When an unevefi number {m) 
of successive terms is wanting in an equaiiofHi the 
number of imaginary roots must be at least as great 
as (fw -f- 1), if the term preceding the deficient 
terms has the same sign with the term, following 
them ; and the number of imaginary roots must be 
at least as great as (m — 1), if the term preceding 
the deficient terms has the reverse sign of the term 
following them. 

Proof First. If the sign of the term preceding the de- 
ficient terms is the same with the sign of the term following 
them ; supply the place of each deficient term with zero 
affected by this same sign. All the (m -|- 1) successions, 
dependent upon the deficient terms, must in this case be 
permanences. But if the sign of every other zero beginning 
with the first is reversed, namely, of the first, third, fifth, 
&c., all these permanences are changed into variations ; so 
that (m -|- 1) roots can be neither positive nor negative, and 
are, consequently, imaginary 
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Secondly, If (he sign of the term preceding the deficient 
terms is the reverse of the sign of the term following them ; 
supply the place of the two last deficient terms with zero 
affected by the same sign as that of the term preceding the 
deficient terms. This case becomes the same as the pre- 
ceding with {m — 2) deficient terms, and there must there- 
fore be (i» — I) imaginary roots. 

303. Theorem. When an even number of suo- 
cessive terms is wanting in an eqtmtion^ the number 
of im>aginart/ roots must be at least as great as the 
number of these deficient terms. 

Proof Let the place of the first deficient term be sup- 
plied by zero affected with the same sign as that of the term 
which follows the deficient terms. 

The number of deficient terms is thus reduced to the 
uneven number m — » 1 ; and, as the term preceding the 
deficient terms is now of the same sign with that of the 
term following tiiem, the number of imaginary rool^ of Che 
equation must, by the preceding article, be at least as great 
as 

(to— 1)4-1 =OT. 

304. A number, ^hich is greater than the greatest 
of the positive roots of an equation, is called a su- 
perior limit of the positive roots ; and one, whieh is 
less than the least of the positire roots, is called an 
inferior limit of the positive roots. 

In the same way, a superior limit of the negative 
roots is a number which, neglecting the signs, is 
greater than the greatest negative root ; and an infe- 
rior limit of the negative roots is a number which ia 
less than the least oegaiivie root. 
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306. Problem, To find a superior limit of the 
positive roots. 

Solution, The sum of all the negative terms being equal 
to the sum of all the positive terms, must exceed each 
positive term. Let, then, — S be the greatest negative co- 
efficient of the equation of the nth degree, and m the ex- 
ponent of the highest negative term ; the sura of the nega- 
tive terms, neglecting their signs, must evidently be less 
than that of the series 

for each term of this series is greater than the correspond- 
ing negative term of the equation. 

But this series is a geometrical progression of which 8 
is the first term, Sz^ the last term, and x the ratio ; so thai 
its sum is, by example 3, of art. 261, 

Sa^-^^ — S 
x — l ' 

and must be greater than any positive term, as s*, or 

^Sx'^+^ — S ^ 8af*+^ 

'■< x-i <7irT- 

Hence 

(op— l)x«<iSfx«+i, 
or 

But, since 

« — 1 <x and (x — l)»-«-i<;4^-«-i^ 
we must have 

(« — 1)»-~ < (x~ 1) «—•-!< 8; 
and, therefore, 

n—n 
X-l<^^, 

or 

X < 1 4-""^ & 
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If we, then, denote by L this superior Umit of the positire 
roots, we have 

that is, a superior limit of the positive roots is unity , 
increased by that root of the greatest negative ooeffir 
cienty whose index is eqtial to the excess of the degree 
of the equation above the exponent of the first nega^ 
five term* 

306. Problem. To find an inferior limit of the 
positive roots, 

SokUian. Substitute in the given equation for x^ the 

Talne 

1 

y 

and find, by the preceding article, a superior limit of the 
positive values of y, after the equation is reduced to the 
usual form ; and denote this limit by L', 

We have, then, 
and, therefore, 

y > L" 
or 

80 that Y7 ^^ ^^ inferior limit of the positive roots of the 
given equation. 

307. Problem. To find the limits of the negative 
roots of an equation. 

Solution. Substitute for x 

^ = — yt 
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tnd th^ pofiitive roots of the equation thus formed are the 
negative roots of the given equation ; and, therefore, the 
limits of its positive roots beconae, bj changing their signs, 
the required limits. 

308. C^toUafy. By the substitution of different 
numbers for p and 9, in arts. 290 or 294, the limits 
between which each root is obtAined can be narrowed 
to any extent which may be desired, until they may 
be adopted as the first approximations to the xoots in 
the method ot art. 179. Thus, it is easy to obtain 
the first left hand significant figure. 



309. EXAMPLES. 

1. Find the left hand significant figwe ef the real rooto 

of the eqealioB 

5*3 — 6» + 2 = 0. 

Solution, FHrst In this case, 6 is the grevtest negative 

coefficient and — 6x is the first negative term, so that, by 

art. 305, 

1 + x/ 6 = 3-6 

IS a superior limit of the positive roots. 

To find the limit of the aegativ« roots, let 

« = — y. 
and the equation becomes, by reversing its signs, 

6y»_6y — 2 = 0; 
80 tint 

— (1+V6) = — 3-5 

is the superior limit of the negative roots, and the roots are 
all contained between 4 and — 4. 
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8umMy. Sturm'B theorem gives 

.ti=6«3 — 6«-|-2 

i;' = 2 « — 1 
Cr«= 3 ; 

fo thst the row of signs when a; = 4 is 
when c =: — 4 it is 

SO Ihet the equation has three real roots. 
The row of signs when x ^ is 

+.--. + ; 

SO that two of the roots are positive and one is negative. 

The substitution of positive integers, gives for the rowi) 
of signs when c ^ 1 

+.+.+. + : 

SO that both the positive roots are contained between 
and I. 

The substitution of the positive decimals 0*1, 0*2, 0*3, 
d&c, gyres the following rows of signs. 

a = 0«l 



« = 02 

a? =03 
« = 4 
a? = 05 
a; = 0-0 
a? = 0-7 
a? = OS 
jc = 0-9 



I 



+ 



so that one real root is contained between 0*3 and 0'4, and 
the other between O'S and 0*9 ; their first approximate val 
ues are, then, 0*3 and 0*8. 

The substitution of the negative integers gives, in tlHi 



* S40 ALGEBRA. [CH. ▼!!». ^ Ul. . 

Luniti of Real Rooti. 

same way -— 1» for an approximate value of the negative 
root 

2. Find the left hand significant figures of the roots of 

^e equation 

-b4 ^ 8 a* + 16 a? — 440 = 0. 

Ans, 3 and — 4. 

3. Find the first approximation to the roots of the equa- 
tion 

aj5_ i5aj3^ 132a;9 + 36a:-|-396 = 0. 

Ans, 1, — 1, — 5. 

4. Find, by Stern's theorem, the greatest possible num- 
ber of real roots which the equation 

«io_io«8 — x4-f«— 11=0 

can have between -|- 1 and — 1. 

Sohtion, In this case we have, by art. 204, 

U =10aj» — 80x7 — 4a:34.1 
U' = 90 «8 — 560 a;« — 12 x« 
U'* =720ar'— 3360aj« — 24x 
U'" = 5040 a^ — 16800 x^ — 24 
17 'V = 30240 j« — 67200 «3 
U^ z= 151200 X* — 201600 *« 
U^-^ = 604800 x3 — 403200 x 
£7v" z= 1814600 arS — 403200 
^vni ~ 302800 X 
C/« =3628800; 
the row of signs when ar r= 1 is 

m'hen x = — 1 it is 

-"i "T"» "~> "T"* » "i~> "—» *""» "t"» ■"» r » 

so that the number of these roots cannot exceed 8. 
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Again, when 9 is infinitely little greater than zero, for 
which valae some of the differential coefficients vanish, the 
row of signs is 

"~"i "T"* '■"» *""» —^j """» ■""» ""■> i* ~~' » 
so that there cannot be more than three roots between 
and 1 ; and since the sign of the first term is the same 
when X = 0, that it is when z :^ 1, there cannot, by art. 
283^ be an odd number of real roots between and 1, and 
consequently there cannot be more than 2. The row of 
signs when x is less than zero by an infinitesimal is 

SO that there can be no real root between and — 1. 

5. Find, by Stern's and Descartes' theorems, the greatest 
possible number of real roots of the equation 

a^_6«* + z3 — a*— 1 = 0. 

comprised between and I. 

ilfis. 2. 

310. A Cammeniurable Root is a real root, which 
can be exactly exiNressed by whole numbers 01^ frac- 
tions. 

311. Problem. To find the commensurable roote 
of the equation 

ar»+aar— *+6ar— » + &c. + ij? + m = 0, 

in which a, b, t^c are all integers^ either poeUhe or 
negative. 

SohUion. Let one of the commensurable roots be» when 
reduced to its lowest terms, 

9 

SI 
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As ibis ropi miMl verify tbe gffeo equation, ire have 

^ + a ^^ + b ^^ + dtc. + m = 0; 

whence, multiplying by g*"!, and transporing, we obtain 

£— =: — ap*^* — 6p*""^ J — d&c. • . , — mg*"^; 

and, therefore, as the second member is integral, the first 
member mast also be integral, or we must have 

, = i, 

whence 

that is, every commeneurable root of the given equa* 
Hon must be an integer. 
Again, the substitution of 

in the given equation, produces 

whence, dividing by /», and transposing, we obtaui 

and, therefore, as the second member is integral, the first 
9)ember must be so likewise; that is, aivry imt^et root 
must be a divisor of m. ^ 

If, now, we denote by m', 

P ^ 
the preceding equation gives, by transposing and iividteg 

— = — k — ip — hji^ — gp^^SLC. — ap*""* — p^^K 
so that this integral root must likewise be a divisor of m' 
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In the same way, if we use m"^ m'", fn>^, ^^ as folkw 

111"=: — + A, 

P ^ 

l^« integral root must be a divisor of m", m''', m^, d&c » 
and the last condition to be satisfied is 

»ifH-X] ^|| =- 0, or »I*-U =^ — !». 

Hence to find etU ihe commensurate roots of the given 
equation^ write tn %ke same hmizontmL line itU tke iwiegrmi 
divisors ofm, which are canUdned between the extreme Undts 
of the roots* 

finite beUu§ theu dimsors aU the corresponding vahus of 
mV m", dfc,^ which are integral, remembering that a divisor 
cannot be a root, when the value which it gives for either 
m', m", m'", ^c, is fretetimied. 

Proceed in this way titt the values ofmt^'"'^^ are obtaifudf 
and those divisors only are roots whidk gine — p fir ^ke 
vAe qf tHifi ^ptanHity. 



312. EXAMPLES. 

1, Piqd the CQmmwsurable roots of the equation 
x«— 19 0^4-34x9 4-12 ir — 40 — 0* 

Solution. The eoctreme Hmfts of the rea] roots are '{'7^, 
and — 6*9. Hence we have 
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m =—40; 

p = 6. 4, 2, 1, _ 1, _ 2. — 4, — 6; 
»' z= 4, 2,— 8,*-28, 52, 82, 22, 20: 
«"= , , 30, 6,-18, 18, ,30; 
«•"'= . .— 4,-13,-1,-28, ,—26; 
m^= , ,— 2,-13, 1, 14, , 6; 

and, therefore, 2, — 1, and — 6 are roots of the gi?en 
equation, and its first member, divided by the factor 

(«— 2)(«+l)(« + 6) = x3+4«« — 7» — 10, 

gives the quotient 

a;^ — 4x + 4; 

and, therefore, the remaining roots are those of the equation 

jj8_4« + 4 = 0, 

whidi are equal to each other, and each is 

2. Find the commensurable roots of the equation 
4(8_ar«7_i0it«_2«*+6«»+21«»— 3x— 10=0. 

Ans. 5, 1, — 1, and —2. 

8. ^ind all the roots of the equation 

«* + 2»— 24«« + 43'* 21 = 
which has commensurable roots. 

Ans. 1, 3,— ^dri%/58. 

4. Find all the roots of the equation 

^ «s_a«« + 19« — 44 = 
which has a commensurable root. 

Ans. 4, and 1 ± \/— ^10* 

5. Find aD the roots of the equation . 

«4_iOx34.35x»— IM>x + 24 = 

which has commensurable roots. 

ilfi5. 1, 2, 3, 4 
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6. Find all the rooUi of the equation 

which has eommensorable and equal roots. 

iins. 3, — 3, and db %/ — } 

7. Find all the roots of the equation 

«8^23s«—48«s+05z»-}-400»-f 375=0 
which has commensurable and also equal roots. 

Ans. 3, 5, and — 2±: ^Z — 1. 

313. Problem. To find the commensurable roots 
of an equation. 

Solution. Reduce the equation to the fiMrm 

A *• +B x*-i + &c . . . -f- jL «+ Jf = 0, 

in which A, B, d&c, are all integers, either positife or 
negati?e. 
Substitute lor x the value 

and the equation becomes * 

which, multiplied by il*^^, is 

y+By— i+il Cy— «+&c....+il"-«iy+ii"'*-M' = 0. 

The comfnensurable roots of this equation may be 
foundj as in the preceding articloj and being divided 
by A, will give the commensurable roots of the ro" 
quired equation. 

314. Scholium. The substitution of 

*"" A 
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is not always the one which leads to the most simide 
result Bat when A has two or more equal factors, 
it is often the case that the substitatioo 

^ A' 

leads to an equation of the desired form^ A' being 
the product of the prime fiictors of A^ and each fac- 
tor need scarcely ever be repeated more than once. 



315. KXAMPLES. 

1. Find the eommenturable roots of the eqaatioB 

64x« — 328 x> + 5741^^993x4. 90 ssO. 

SohtHon, We have, in this case, 

il=:64=:2«; 

hence we may take A* equal to some power of 2 ; and it is 
easilj seen that the third power will do, so tfiat we may 
*mike 

HeLce the given equation becomes 

y4 _ 41 ys ^ 574 ^— 8144y + 6700 ^m 0. 

The commensarable roots of which are fband, as in art 
811, to be 

y =s 4, 6, 15, and 16 ; 

so that the roots of the given equatbn are 

* = i i IJ. an<l 2. 

2. Find the commensarable roots of the equation 

8«s + 34tr9 — 79«-f 30 = 0. 

Ans. ^, |., and — 6 
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3. Find the commensurable roots of the equation 

24x3_26x« + 9a?— 1 = 0. 

Ans. ^, |, and J. 

4. Find the commensurate roots of the equation 

3x3— 14«» + 21« — 10 = 0. 

Ans. I, f , and 2. 

5. Find the commensarable roots of the equation 

-^1^* }» |» h U>^ 3* 

6. Find all the roots of the equation 

6«8 + 7x» + 39« + 68 = 
which has a commensurable root. 

Ans. — }, and ^ ± i ^ — 251. 

7. Find the commensurable roots of the equation 
9z^+30x»+22«< + 10x3+17 x«—^jp + 4 = 0. 

Ans, I and — 2. 
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CHAPTER IX. 

CONTIPiUED FRACTIONS. 

316. A cantinjAed fraction is one whose numeratoi 
it unity, and its denominator an integer increased by 
a fraction, whose numerator is likewise unity, and 
which may be a continued fraction. 

Thus, 

1 • , 1 

J and J 



d -{• d&c. 
■re coDtinaed fractions. 

317. ProbWm. To find the value of a continued 
fractian which is composed of a finite number of 
fractions. 

SohUum. Let the |pf en fraction be 

1 

.+' 



JBeginning with the last fraction, we have sueoessiTeljr 



, 1 ed+l 



. 1 cd + l 
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.,1 _._, d_ _b(ed±l)±d 

*"* ~1~ " "^ cd+l~ ed+l 

1 ed-\-l ed-^l 

—I -4(cd+l) + d -(6c + l)rf + » 

1 ad{bc-{-l)-\-ab-\-ed-\'l 

""I 1 ~ (be+i)d-\-b 



'+ 1 
«+3 



{be+l)d-{-h 



1 — ad(6c + l)-)-a6-|-cd + l • 

jii (be-\-l)d+b 

and thia method can easily be applied in any other caae. 



318. KXAMPLKS. 

1. Find the f aloe of the continued fraetion 

1 



'+< Am-u 



2. Find the value of the continued fraction 

1 



® + a Ant. ifr. 
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319. Problem. To find the value of an infinite 
continued JracHon. 

Solution, liOt the fraction be 

1 



b + ^ 



e-{-^<^* 



An approximate value of this fraction is obviously 
obtained by omitting all its terms beyond any as- 
sumed fractiony and obtaining the value of the re^ 
suiting fraction, as in the previous article. 

ThoB we obtain, raccessiTety, 

~ =: — let q>proz. ?alae. 

a a 



\ 



h 

9d appfox. Talne. 



1 ab+l 

r = / i; I IX — r- ^ approx. value. 

«H 1 &c., &c. 

' e 

and each of these values it easily shown to be more accu- 
rate than the preceding; for the second value is what the 

first becomes by substituting, for the denominator a, the 

1 
more accurate denominator ^ -h T' ^^ ^^'^^ '^ whhi the 

second becomes by substituting, for the denominator 6, the 
more accurate denominator 6. -| ; and so on. 
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320. Theorem, The numerator of any approxi^ 
mate value, as the nth, is obtained frotn the nume* 
raters of the tw^ preceding approximate values, the 

m 

(n — 1)^/, and the (n — 2)nd, by multiplying the 
(n — l)st numerator by the nth denominator con^ 
tained in the given continued fradion, and adding 
to the result the numerator of the (n — 2)9id ap" 
prosimaie value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding 
denominators. 

Jhrnonstration. Let the (n— 3)rd, (»— 2)nd, (n— l)8t, 
tod ntb approziiiiatfi values be, respectivelj, 

E II JH A ^ 

and let the (n — l)8t and the nth denominatora, contained 
in the given continued fraction, be p and j. 

We shall suppose the proposition demonstrated for the 
(n — l)st approximate value, and shall prove that it can 
thence be continued to the nth value ; that is, we shall sup- 
pose it proved that 

M _ pL+K 

W^ pL' + K' 

Now it is plain, from the remarks at the end of the preced- 
ing article, that the nth value is deduced from the (n — l)st, 

by changing p into p-\ ; which change, being made in 

the preceding value, gives 

N _ (p + 7)^ + ^ _ (pL + K)q + L 



ALCIEBRA. [CB. tX 



Difference between ■ucceitive ApiMtizimate Valaee. 

Hence we hate, by sabfitituting 

3f=zpL'+K'; 

that is, the yalue required to satisfy the theorem. 

If, therefore, it can be shown that the proposition is true 
for any approximate value, it follows that it must be true for 
every succeeding value. But the comparison of the values 
given in the preceding article shows that it is true for the 
third value, and therefore for every succeeding value. 

321. Theorem. If two succeeding approximate 
values are reduced to a common denominator equal 
to the product of their denominators^ the difference 
of their numerators is unity. 

Demonstration. Let the (n — 2)nd, (n — l)st, and ntb 
approximate values be 

the difference between the (n — 2)nd and (» — l)flt it 

. LM — L'M 

=*= iTm* ' 

and that between the (n — l)st and nth is 

M'N—MN' _ {MM*—MM)q + M»L-^ML' 
* M'N' '^^ WW 

_ LM' — L'M 

"~ =*= M'N' ' 

of both which differences the numerators are the same; 
and, therefore, this is always the case. 
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Now the first and second approximate values^ as given in 
art. 319, are, when reduced to a common denominator, 

ab + l ab 

a(ab+l) i(a6 + l)' 

the difference of the numerators of which is 1 ; and, there- 
fore, unitj must always be the difference of two such nu- 
merators. 

322. Theorem. The approximate values of a oonr 
inued fraction are alternately larger and smaller 
'han its true value, the first being larger^ the second 
\maller, and so on alternately. 

Demonstration. Since, in the preceding demonstration, 
the subtraction of the {n — l)st value from the (n — 2)nd, 
gave a fraction having the same numerator as that obtained, 
bj its subtraction from the nth ; we see that if the (ft — 1 )st 
value is larger than the (fi — 2)nd, it must also be larger 
than the nth ; and if the (n — 1 )st is smaller than the 
(it — 2)nd, it is also smaller than the »th. 

But the true value is, by art. 319, nearer the (n — l)8t valae 
than the (it — 2)nd, and nearer the itth than the (ft — i)st; 
so that when the (« — l)st value is larger than the (n — ^2)nd, 
the true value must likewise be larger than the (it — 2)nd, 
and smaller than the (n — l)st, and so on alternately ; but 
when the (it — l)st value is smaller than the (it — 2)nd, the 
true value must be smaller than the (it — 2)nd, and larger 
than the (n — l)st, and so on alternately. 

Now the first value is, by the preceding article, larger 
than the second, and therefore the true value is smaller than 
the first, larger than the second, and so on alternately. 

323. Theorem,. Each approximate value of a 
continued fraction differs from the true value by a 

22 
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quantitf/ less than the fracHwi whose numerator is 
unity f and whose denominator is the square of thi 
denominator of this approximate value. 

DemanstrattoH, Let the deDominator of the two succes 

sive approximate values be M' and N' ; N* mast, by art. 

320, be larger than M* ; and the difference between these 

two values must be 

1 

But, by the preceding article, the true value is contained 
between these two approximate values, and therefore differs 
from either of them by a quantity less than their differencr 

Now, since 
we have 
and 



1 ^ 1 



so that the true value must differ from the approximate 
value, whose denominator is Jf' , by a quantity less than 

i 



that is, less than a fraction whose numerator is 1, and de- 
nominator H'^. 

324. Problem. To transform any quantity into 
a continued fraction. 

Solution. Let X be the qttaniity to be trans* 
formed. Find the greatest integer contained in X, 

and denote it by A, and denote the excess of X above 

I 
A, by the fraction -j ; and we have 

X 
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.i + ^ = Jr, 



and 



X—A' 



From this value of x', find the greatest integer conr 
tained in x!, and denote ii by slj and the escBss of x' 

above B, by -J, ] whence 

from vthiek the greatest integer contained in x* 4» 
to be found, and so on; so that we hare 

a-f- 



cK+^c. 



326. BXAMPLB. 

Transform {ff into a continued fraction. 

Atetim. We have, in this caie, saccesaivelyy 

A =2; 

a =1; 

a' ==2; 

«'" = If, 
a" = 1 ; 
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* and the reqaired continaed fraction ia 

1+ — r 

326. Corollary. The values of a', a^ ^rc, in ike 
ease of a vulgar fraction^ are evidently the quotients 
which would be obtained by the process of finding 
the greatest common divisor of the numerator and 
denominator of x'. 

The preceding process might therefore be performed aa 

fellows : 

263135111 = a 
263 

88|263|2 = a' 
176 

8718811 = 0" 
J7 

1187187 so"* 
87 

0* 

327. 'Corollary. If a fraction or ratio is trans^ 
formed into a continued fraction by the preceding 
process^ the approximate values of this continued 
fraction are also approximate values of the given 
fraction or ratioj which are often of great practical 
use. 

Thus the approximate values of ff(, are 

2, 3, I, V ; 

of which the last diflers from the true value by only iJ^^ 
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328. KXA1IPX«ES. 

1. Find approximate values of the fraction ff^. 

^^' h Vf> «» »nd iif . 
3. Find approximate values of the fraction TiHx- 

Ans. ^, ^, t/^, tHf' lAttf *n<i ^WV- 

3. Find approximate values of the fraction ^AWi ft ^* 

Ans. jV, a. 7iz* aVW* »Wf» ^^• 

4. Find approximate values of the fraction 0*245. 

Ans. ^ and ^ 

6. Find approximate values of the fraction 1-27. 

^»'' 4» t. tt. ft. an«l tf 

6. The lunar month conaisu of 27*321661 days. Find 
approximate values for this time. 

Ans. 27, y, V^, VW> ^^- ^^yS' ^hi<^^ show that 
the moon revolves about 3 times in 82 days; or with 
greater accuracy, 28 times iu 765 days; and with still 
more accuracy, 143 times in 3907 days. 

7. The sidereal revolution of Mercury is 87-969255 days. 
Find approximate values for this time. 

Ans. 88, m», dtc. 

8. The sidereal revolution of Venus is 224*700817 days. 
Find approximate values for this time. 

Ans. 225, H*, Mp, ^^, H*F, ^c. 

9. The ratio of the circumference of a circle to its 
diameter is 3*1415926535. Find approximate values for 
this ratio. 

Ans. 3, V, Hh «*» ^^' 

92* 
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329. CoroUary. The process of art. 324 may be 
applied to finding the real roots of an equation, the 
approximate values of v?hichj obtained by this pro' 
eessn can ^asily be reduced to decimals. 

.330. EXAMTlsEB. 

1. Find the real root of the equation 

;b9 — 3z — 8 = 0. 

SobUiam. We have, in this case, 

A =2, I 

and if we aubstitate 

in the giTen equatioD, we obtain 

ea'S— O*'* — 6«' — 1 = 0, 

whence we have 

a = 2; 

and the subatitation of 

-' = 8 + 5^ 

c/va — soi^'a — Sn^jp^— 6 = 0; 

whence we have 

a' = 82» 
and Bo on. 

The approximate values of x are, therefore, 

2, 2} = 2-5, 2f{ = 2*492, d&e. 

2. Find the real root of the equation 

a;' ,— 12 « — 28 = 0. 

Ans. m s 4-302ia 



• 
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3. Find the real root of the equation 

3t8 ^ 12 ^ + 67 a? — 94 = 0. 

Ans. « =: S*36216. 

331. Corollary. If the given equation is a bino^ 
mial one, as in art. 223, we can obtain, by this pro* 
cesSf a ro&t of any degree whatever. 



332. EXAMPLES. 

I. Ettraet the equare root of 5 by meane of oentinoed 
fractions. 

SohiHon. Representing this root by x, we haTe 

whence 

il = 2; 

and the substitution of 

giTCS 

«/8_4«' — 1 = 0; 

whence we haTe 

a = 4; 

and the substitution of 

gives 

x"« — 4 «" — 1, 

which, being precisely the same with the equation (or wf^ 
we may conclude that 

4 = a := cK = a" = a"' = d&c 
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and the approximating vdaea are 

and the ralne m decimals is 

2-2960a 

2. Extract the third root of 46 by means of continued 

fractions. 

Ans. 3-58305. 

3. Extract the third root of 35 by means of continued 

fractions. 

Ans. 3*271. 

4. Extract the square root of 2 bj means of continued 

fractions. 

Ans. 1 -41421361 
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EXPONENTIAL EQUATIONS 

AND 

LOGARITHMS. 



SECTION I. 

EXPONENTIAL EQUATIONS 

1. An Exponential EqutObm is one ui which thii 
unknown quantUy occurs as an exponent. 

2. Problem, To solve the exponential equation 

b' = m. 

Solution. This equation is readily solved by 
means of continued fractions, as explained in Alg. 
Urt. 324 

3. EXAMPLES. 

1. Sol?e the equation 

3» = 100. 

Solution, Since we ha?e 

34 = 81, 
tnd 

Z^ = 243, 
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the greatast integer contained in x must be 4. Sabetitating 
then 



we htfe 



or 



and 



. 4-JL 

9^^" ^ 100, 
S^S-'isSl X 3*'= 100; 



3^= W; 



wbioh being raised to the power denoted bj x*, ia 

By raising yf to different powers, the greatest integer 
conuined in «^ is foand to be 6. Sabstitnting then 

we have 

« /100\ « +^ /100\ • /100\5^ 

»=(8r) =(-8r) U) • 



or 



Hence 



_ 10000000000 /100\^' 
3486784401 ^ V8l/ * 



1 0460353203 j = ^, 



from which the greatest integer contained in jt" is found to 
be 4 ; and in the same way we might continue the process 

The approximate values of x are, then, 



^ 
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2. Find an approximate value for x, in the equation 

Ans. X 8 2-46. 

8. Find an approximate value for x, in the equation 

10» = 3. 

Ans. z = 0-477. 

4. Find an approxiitiate va)u^ for z/in the equation 

• Ans. X as 0*53. 

4. Corollary. Whenever the values of b and m are both 
larger 6r both smaller than unity, the value of x is positive. 
But when one of them tt largei* than unity while the other 
is smaller, the value of x must be negative ; for the positive 
power of a quantity larger than unity must be larger than 
unity, and the positive power of a quantity smallel' than 
unity is smaller than unity; whereas the negative power, 
being the reciprocal of the corresponding positive power, 
must be greater than unity, wheA the positive power is leaf 
than unity, an<f th« reverse. 

Hence to solve the equation 

in which one of the quantities, b and m, is (rMtfir 
than unity, while the other is smaller than unity 

whieh givds 
or 

'9 



(4)' 



which may be solved as in the preceding article. 

23 
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5. EXAMPLES. 

1. Solve bj approximation the equation 

5' = f. 



Ans. x=z — 0-25 



2. Solve bj approximation the equation 

2* = i. 



Ans. 9 = — 1'5& 



SECTION n. 

NATURE AND PROPERTIES OP LOOARrTHMa 

6. The root of the equation 

is called the logarithm of m ; and since, by the pre- 
ceding section, this root can be found for any value 
which m may have, it follows that every number 
has a logarithm. The logarithm of a number is 
usually denoted by log. before it, or simply by the 
letter /. 

7. But the value of the logarithm varies with the 
▼oluo of b, and therefore the value of &, which is 
called the base of the system of logarithms, is of 
great importance ; and the logarithm of a number 
may he defined as the exponent of the power to which 
the base of the system must be raised in order io 
produce this number. 



^ II.] NATVftX AND PROPEIlTifiS OP LOGARITHMS. 267 

' LngRrithm of Product and of Power. 

8. Corpllary. When the base is less than unity, it 
follows, from art. 3, that the logarithms of all num- 
bers greater than unity are negative, while those of 
all numbers less than unity are positive. 

But when, as is almost always the case, the base 
is greater than unity, the logarithms of all numbers 
greater than unity are positive, while those of all 
numbers less than unity are negative. 

9. Corollary. Since 

it follows, that the logarithm of unity is zero in all 
systems. 

10. Theorem. The sums of the logarithms of 
several numbers is the logarithm of their continued 
product. 

Proof. Let the numbers be m, m', m'\ d&c, and let 6 be 
the base of the system ; we have thea 

6 '"»• "^ = m\ 

h ^' "•"= m", &c. ; 

the product of which is, by art. 28, 

Hence, by art. 7, 
log. m m' m" &c. = log. m -[- log. wi' -{- log. m" -f- &C. 

11. Corollary. If the number of the factors, m, m', && 
is n, and if they are all equal to each other, we have 

log. mmm &c. = log. m -f- log. m -|- log. m -{- &.c. 
or 

log. m* = n log. m ; 
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that 13^ the logarithm of any power of a number is 
e/fual to the logarithm of the number muUipliei bjf 
the espponent of the power. 

12. Corollary. If we Bobetitute 

in the abof e equation, it becomes 

log. p == II log. v/ p» 



or 



\og.:/p=^P' 



n 

that is, the logarithm of any root of a number is 
equal to the logarithm of the number divided by the 
exponent ^ the root. 

13. Corollary. The equation 

log; m W = log. m + log. m\ 
gives 

log. m' = log. mm' — log. m ; 

that is, the logarithm of one factor of a product is 
equal to the logarithm of the product diminished by 
the logarithm of the other factor ; or, in other words^ 

The logarithm of the quotient is equal to the toga" 
rithm of the dividend, diminished by the logarithm 
of the divisor. 

14 Corollary. We have, by arts. 13 and 9, 

log. — » log. 1 — log. n 
rsm — log. n ; 

that is, the logarithm of the reciprocal of a number 
is the negative of the logarithm of the number. 
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15. Corollary. Since zero is the reciprocal oR in- 
finity, we have 

ui log. = — log. 00 = — GO ; 

that is, the logarithm of zero is negative infinity. 

16. Corollary. Since we have 

6^ = 6, 
the logarithm of the base of a system, is unity. 

17. Theorem, If the logarithms of all numbers 
are calculated in a given system^ they can be ob^ 
tained for any other system by dividing the given 
logarithms by the logarithm, of the base of the re- 
qutred system taken in the given system. 

Demonstration. Let b be the base of the given system^ 

and 6' that of the required system ; and denote by log. the 

logarithms in the given system, and by log,' the logarithms 

in the required system. Taking, then, any number m, we 

have, by art. 7, 

b ^•«- • = m, 
and 

whence 

If we take the logarithms of each member of this equation 
in the given system, we have, by arts. 11 and 16^ 

log.' m X log. 6^ = log m X log. b = log. m, 

or, dividing by log. b'^ 

1 t log. m 
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SECTION in. 

QOMMQH UMUBXTBMa AND THDR HSR 

18. The baso of the system of logsurithm9 m com« 
mon use is 10. 

10. CoroHanf. Heoee in eooimon logarilhmt^ w« hafo 
by arts. 16 and 9, 

log \^^, 

kig« 10 ^ I, 
log. 100 :== log. 10< 3= 2, 

log. 1000 =: log. 103 := 3> 

log. 10000 = log, 10* = 4, 



l«g.01 =bg. 10-i5«— 1. 

log. 001 3c: log. 10-^ 9a — 2, 

log. GOil =» \Qg. 10-3 3» ^ 3, 

that is, thfi logarithm of a number, which is wmr 
posed of a figure 1 and cyphers,^ is equal to the num^ 
ber of places by which the figure 1 is removed from 
the place of units ; the logarithm being positive when 
As figure 1 is to the left of the units'^ place, and 
negative when it is to the right of the units^ place, 

20. Corollary, If, therefbre, a number is 

between 1 and 10, its log. is between and 1, 
if between 10 and 100, it3 Ipg. in between 1 and 2^ 
if between 100 and 1000, its log. is between 2 and 3, 

and so on. • 
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But if between 0*1 and 1, its log. is between — 1 and 0, 
if between 001 and 0*1, its log. is between — 2 and «— 1^ 

and so on. 

Hence, if the greatest integer contained in a !oga- 
litbm is called its characteristic^ the characteristic 
of the logarithm of a nwnber is equal to the numr 
ber of places by which its first significant figure 
on the left is removed from the units* place, the 
characteristic being positive when this figure is to 
the left of the units^^lace, negative when it is to the 
right of the units'^ place, and zero when it is in the 
units^ place. 

21. Logarithms have been found of such great 
practical use, that much labor has been devoted to 
the calculation and correction of logarithmic tables. 
In the common tables they are given to 6, 6, or 7 
places of decimals. In almcrst all cases, however, 
6 places of decimals are sufficiently accurate ; and 
it is, therefore advisable to save unnecessary labor, 
and avoid an increased liability to error, by omitting 
the places which may be given beyond the first 
five. 

22. Problem. To find the logarithm of a given 
number from the tables. 

Solution. First. Find the characteristic by the 
rule of art. 20. 

The characteristic ts the most important part of the loga- 
rithm, and yet the unskilfal are very apt to err in regard to 
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it, not appearing to consider that an. error of a single unit 
in its value will give a result 10 times as great or as small 
as it should be. 

If the charact^sHc thus fonnd is negative, the 
negative sign is usually placed above it, that this 
sign may not be referred to the decimal part of the 
logarithm, which is always positive. But calcula^ 
tors are in the habit of avoiding the perplexity of a 
negative characteristic by subtracting its absolute 
value from 10, and writing ihe difference in its 
stead; and, in the use of a logarithm so written, it 
must not be forgotten that it exceeds the true value 
by 10. 

Secondly, In finding the decimal part of ihe toga^ 
rithm, ihe decimal point of ihe given number ii to 
be wholly disregarded, and any cyphers which may 
precede its first significant figure on the left, or fol' 
low its last significant figure on the right are to be 
omitted. 

When the number thus simplified is contained 
unthin the limits of the tables, which we shall re- 
gard as extending to numiers consisting of four 
places, the decimal part of its logarithm is found in 
a horizontal line with its three first figures, and in 
the column below its fourth figure ; the second, third, 
and fourth figures, when wanting^ being supposed 
to be cyphers. 

When the number consists of more than foui 
places, and is therefore, beyond the limits of the 
tables, point off its first four places on the left and 
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consider them as integers, regarding the other places 

as decimals. 

Care muet be taken not to confound the decimal point 
thus introduced with the actual decimal point of the num- 
ber, of which it is altogether independent. 

Find, in the tables, the decimal logarithm corre^ 
sponding to the integral part of the number thus 
pointed off ; and also the difference between this 
logarithm, and the one next above it, that is, the 
logarithm of the num^ber which exceeds this integral 
part by unity ; this difference is often given in the 
margin of the tables. 

Multiply this difference by the decimal part of the 
number as last pointed off, and omit in the product 
as many places to the right as there are places in 
this decimal part of the number. 

The product, thus reduced, being added to the 
decimal logarithm of the integral part of the numr 
ber, is the decimal part of the required logarithm. 

23. Coratlary. This process for finding the decimal part 
of the logarithm of a number, which exceeds the limits oi 
the tables, is founded on the following law, easily deduced 
from the inspection of the tables. 

If severai numbers are nearly equal, their dif 
ferences are proportional to the differences of their 
logarithms. 

24. EXAMPLES. 

1 Find the logarithm of 00325787. 
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Solution, The characteristic is — 3, instead of which 
may be written 10 — 3 = 7. 

For the decimal part, the number is to be written 

3257S7 ; 
and we have 

log. 3258 — log. 3257 = 13 

now, multiplying by *67 

and omitting two places 91 

on the right, 104 

we have 11 

which, added to log. 3257 = 51282 

gives 512^ ; 

and the required logarithm is 

log. 00325787 = ?^1293, 

ofi it may be written,- 

7-51293. 

2. Find the logarithm of 1-8924. Ans. 0*27701. 

3. Find the logarithm of 757*823000. Ans. 887950. 

4. Find the logarithm of 00004 1359. 

Ans. T81C57, or661C57 

5. Find the logarithm of 0* 12345. 

Ans. 11)9149, or 909149. 

6. Find the logarithm of 99998. Ans. 4-99999. 

25. Problem. To find the number correspondinff 
to a given logarithm,. 

Solution. First. In finding the figures of the 
required numberf the c/iaracterislic is to be neff^ 
lected. 
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When the decimal part of the given logarithm is 
exactly contained in the tables, its corresponding 
number can be immediately found by inspection. 

But when the given logarithm is not exactly con' 
tained in the tables, the number, corresponding to 
the logarithms of the table which is next below it^ 
gives the four first places on the left of the required 
number. 

One or two more places are found by annexing 
one or two cyphers to the difference between the 
given logarithm and the logarithm of the tables 
next below it, and dividing by the difference between 
the logarithm of the tables next below and that next 
above the given logarithm. 

When tables are used in which the logarithms are given 
to five places, the accuracy of the corresponding numbers is 
never to be relied upon to more than 6 places, and rarely 
to more than 5 places; so that in finding the last quotient, 
one place is usually sufficient. 

Secondly, The position of the decimal point of 
the required number depends altogether upon the 
characteristic of the given logarithm, and is easily 
ascertained by the rule of art, 20 ; cyphers being 
prefixed or annexed when required. 

26. EXAMPLES. 

1. Fin J the number, whose logarithm is 8*19325. 

Solution. We have for the logarithm of the tables neM 
below the given logarithm 

•19312 = log. 1560. 
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Hence 

the diiC between ^itren log. and log. 1560 nr 13, 
al0o log. 156! — log. 1560 ^ 26, 

«nd the quotient 

4§-° = 46 

gives the two additional places ; bo that the six places of tbd 

required number are 

156046 ; 

and the number is, therefore, 

156046000. 

2. Find the number, whose logarithm is 2*13511. 

Ans. 136403. 

3^ Find the namber, whose Fogarithm is l*7€8S8b 

Ans. 58-7328. 

4. Find the number, whose logarithm is 0* 11 111. 

Ans. 1-29153. 

5. Find the number, whose logarithm is Sl)8357. 

Ans. 00962^5. 

6. Find the number, whose logarithm, whca written 10 

more than it shoald be, is 9-35846. 

Ans. 022823. 

27. Problem. To find the product of two or more 
factors by means of logarithms. 

Solution. Find the stim of the logarithms of the 
factors, and the number, of which this sum is the 
logarithm, is, by art. 10, the required product. 

When the logarithm of any of the factors is writ- 
ten^ q,s in art. 22, 10 more than its true value ^ as 
many times 10 should be subtracted from the result 
as there are such logarithms. 
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28. EXAMPLES. 

1. Find the cootinoed product of 78*052, 0*6178^ 34I0W» 
100-008, and 0^0009. 

Solution, We find, from the tables, 

log. 78052 = 1-89238 

10 + log. 0-6178 = 9-79085 

log. 341000 :::= 5-53275 

log. 100-006 = 2 00003 

10 + log. 00009 = 6-95424 

log. 1479960 6-17025 
and the required product is * 

1479960. 

In the sum of the preceding logarithms 20 was neglected,, 
because two of the logarithms were written 10 more than 
they should be. 

.2. Find the continued product of 00001, 7,9004, 56, 

032569, and 17899 1. 

Ans. 0-257792. 

3. Find the continued product of 3-1416, 0*559, and 

64aL 

Ans. 112-41. 

4. Find tli» contiuiied product of 3-26, 0*0025, 25, 

and 0-003. 

Ans. 0-00000611257. 

29. Problem. To find any power of a given 
number by means of logarithms. 

Solution, Multiply the logarithm of the given 
number by the exponent of the required power^ and 

84 
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the number, of which this product is the logarithm^ 
is J by art, 11, the required power. 

When the logarithm of the given number is writ* 
ten 10 more than it should be, as many times 10 
must be deducted from the product as there are units 
in the given exponent. 



30. EXAMPLES. 

1. Find the 4th power of 9S573. 

8ohUion, We have, by the tables, 

10 ;-f- log. 0-98573 = 9-99375 
multiply by 4 



10 4- log. 0-9440G = 9 97500 

and the required power is 

0*94406. 

In the above product, 40 should have been neglected, but 
in order to avoid a negative characteristic, only 30 was 
neglected, leaving the exponent 10 too large. 

2. Find the 3d power of 25. Ans. 0*015686^ 

3. Find the 7th power of 31416. Ans. 3020*28. 

4. Find the square of 0031422. 

Ans. 0-00000987325. 

31. Pi*oblem, To find any root of a given num* 
ber by means of logarithms. 

Solution. Divide the logarithm of the given 
number by the exponent of the required root, and the 
num^ber, of which this quotient is the logarithm, t&, 
by art. 12, the required root. 
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When the logarithm of the given number has a 
negative characteristic, instead of being increased 
by 10, it should be increased by as many times 10 
as there are units in the exponent of the root, and 
the quotient will in this case exceed its true value 
by 10-' 

32. EXAMPLES. 

1. Find the iiah root of 028145. 

SohUion, We have, by the tables, 

50 -f log. 028145 = 48*44940, 

which, divided by 5, gives 

10 + log. 0-48964 = 9-68988, 

and the required root is 

0-48964. 

2. Find the cube root of 0-002197. Ans. 0-13. 

3. Find the 10th root of 0-000000001. Ans. 12589. 

4. Find the square root of 238149. Ans. 15-4317. 

33. The arithmetical complement of a logarithm 
ib the remainder after subtracting it from. 10. 

34. Corollary. The arithmetical complement of 
the logarithm of a number is, by art. 14, and the 
preceding article, the logarithm of its reciprocal in" 
creased by 10. 

35. Corollary. The most convenient method of 
finding the arithmetical complement of a logarithm 
is to svibtract the first significant figure on the^right 
from 10, and each figure to the left of this figure 
from 9. 
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36. EXAMPLES. 

1. Find the arithraetical cornplement of 9*62595. 

Ans. 0-37405. 

2. Find the arithmetical complement of the logarithm 
of 6. Ans. 9 22185. 

3. Find the arithmetical complement of the logarithm 
of 007. Ans. 1M5490. 

4. Find the reciprocal of 0-01 1 15. 

Solution, We have, hy the tables, 

log. 0-01115 (ar. CO.) 11-95273 
subtract 10- 

log. 89-086 1-95273 

and the required reciprocal is 

89-686. 

& Find the reciprocal of 2330. Ans. 000042918. 

6. Find the reciprocal of 68-99. Ans. 0014494. 

37. Problem. To find the quotient of one number 
divided by another by means of logarithms. 

Solution. Subtract the logarithm of the divisor 
from, that of the dividend, and the number, of which 
the remainder is the logarithm, is, by art. 13, the 
required quotient. 

Or, since, by art. 81, multiplying by the reciprocal 
of a number is the same as dividing by it, add the 
logarithm of the dividend to the arithmetical complex 
ment ^of the logarithm of this divisor, and the sum 
diminished by 10 is the logarithm, of the quotient. 
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When the logarithm of the dividend is written 10 
more than its true value, 20 must be subtracted from 
the sum, instead of 10. 



38. 

1. Divide 0*01478 by 0-9243. 

Sobiiion. We have, by the tables^ 

10 -I- log. 001478 8-10067 

log. 0-9243 (ar.co.) 1003419 

10 -f. log. 00 1 599 TSO^ 

and the required quotient is 

001599. 

2. Difide 00615 by 0H)025. Ans. 3^& 
a Divide 40-32 by 2240. Ans. 0-018. 
4. Divide 0-875 by 25. Ans. 035. 
6. Divide 0*013 by 013. Ans. 01. 

39. Corollary. The value of any fraction may 
be found by adding together the logarithms of all 
the factors of the numerator and the arithmetical 
complements of the logarithms of all the factors of 
the denominaioTj and subtracting from the sum as 
many times 10 as there are arithmetical complements 
plus as many times 10 as there are logarithms of 
the factors of the numerator^ which are written 
greater than their true value by 10 ; the retnainder 
is the logarithm of the fraction. 
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40. EXAMPLSS. 

1 Find the value of the fraction 

(0-327y X v/ 19-81 

1 "• 

(1-23)* X (0006)* 

Sobttum. We have, from the tables, 

10 + log. (0-327)7 6-60185 

log. y/ 1981 0'64844 

log. (1-23)* (ar. CO.) 9-97003 
log. (0 005)^ (ar. co.) 1460206 

log. 66-433 1-82238 

and the required value is 

66*433. 

SL Find the value of the fraction 



\ / Q 365 X v/ 2 \ 
^\ 788 / 



Ant. 0-S30& 



3. Find the value of the fraction 






347 X ^ 0-0073\ 



126 X %/ ♦ ^„,^ 1-0666. 



41. Corollary, The logarithm of (he fourth term 
of a proportion is found by adding together the 
arithmetical complement of the logarithms of the 
first term and the logarithms of the second and 
third terms. 
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42. EXAMPLES. 

1. Find the fourth term of the proportion 

963 : 1279 = 8 7 : x. 



Soluiion. 



and we have 



log. 963 (ar. co.) 701 637 
log. 1279 310687 

log. 8-7 0-93952 

log. 11555 106276 

x= 11555. 



2. Find tho fourth term of the proportion 

0138 : 0-319 = 765 : x. 

Ans. X = 1768-3. 

43. Problem, To solve the exponential equation 

a» == 7n, 

by means of logarithms. 

Solution, The logarithms of the two members of this 

equation give 

X log. a = log. m ; 
hence 

log. m 

""log. a* 
or 

log. X = log. log. m — log. log. a ; 

that is, the root of this equation is equal to the 
logarithm of m divided by the logarithm of a, and 
this quotient may be obtained by the aid of loga^ 
rithms. 



LfMAMTHMS. [^ ni 



ExpoiwDtial EquatioiM. 



EXAMPLB9. 

1. SoWe the equation 

e25« =: 3125. 

Soiutiaiu We ha?e, from the tables, 

log. 3125 = 3 49485, 

log. 625 = 2-79688; 
and also 

log. log. 3125 = log. 3-49486 = 0-64343 

log. log. 625 = log. 2-79588 = 0-446691 



log. X = tog. 1-25 
hence 


0*09691; 


«=l-25. 




2. Solve the equation 




3* = 16. 






Ans. % =: 2-464. 

• • 


8. Solve the equation 




10" = 3. 






Ans. X = 0-477 
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